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ABSTRACT

Some new concept of Baireness in fuzzy soft topological spaces are introduced, and their characterizations and properties are investigated in this
work. Several examples are given to illustrate the concepts introduced in this paper.
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INTRODUCTION

The concept of Baire spaces have been studied extensively in classical
topology in [14]. In 2013 the concept of baire space in fuzzy setting
was introduced and studied by G.Thangaraj and S.Anjalmose [17]
Molodtsov [13] initiated the theory of soft sets as a new mathematical
tool for dealing with uncertainities which traditional mathematical
tools cannot handle. He has shown several applications of this theory in
solving any practical problems in economics, engineering, social
sciences, medical science etc. Later other authors like Maji etal. [9-13]
have further studied the theory of soft sets and used this theory to solve
some decision making problems.

Next, the concept of fuzzy soft set is introduced and studied [5-8,14] a
more generalized concept, which is a combination of fuzzy set and soft
set and studied its properties. Since then much attention has been paid
to generalize the basic concepts of fuzzy topology in soft setting and
this modern theory of fuzzy soft topology has been developed. In
recent years, fuzzy soft topology has been found to be very useful in
solving any practical problems. The aim of this paper is to introduce
the concepts of fuzzy soft Baireness in fuzzy soft topological spaces.
we introduce fuzzy soft nowhere dense set, fuzzy soft, first category
set, fuzzy soft second category set, fuzzy soft first category space,
fuzzy soft second category space, and study several characterizations
of fuzzy soft setting.

2. Preliminaries

Definition 2.1[5]

The fuzzy soft set //,€F'S(U, E) is said to be null fuzzy soft set and it is
denoted by ¢, if for all e€E, F(e) is the null fuzzy soft set
0 of U, where 0(y)=0forall yEU.

Definition 2.2 [5]
Let F,EFS (UE)and F, (e)=1 all eEE, where1 (x)=1forallxEU.
ThenF, is called absolute fuzzy soft set. It is denoted by E.

Definition 2.3[5]

A fuzzy soft set FA is said to be a fuzzy soft subset of a fuzzy
soft set G,over acommon universe UifA & BandF, (e) € G,
(e)foralleEA, i.c.,if pu', (X) < e (x) forall x €U and for all
e=Eanddenoted by F,G,.

Definition 2.4[5]

Two fuzzy soft sets F4 and Gp over a common universe U are said to be
fuzzy soft equal if FA is a fuzzy soft subset of Gg and Gz is a fuzzy soft
subset of Fa.

Definition 2.5[5]

The union of two fuzzy soft sets FAand GB over the common universe U is
the fuzzy soft set HC, defined by Hc(e) =ufj=puf,Ungy for all e€E, where

C=AUB. Here we write Hc = F4VGs.

Definition 2.6[5]

Let Fa and Gg be two fuzzy soft set, then the intersection of F4 and Gz is a fuzzy
soft set He, defined by (e) =uf. =puf,Nugyfor all e€EE, where C = A N B. Here we
write He = FaRGs.

Definition 2.7[15]
Let F4€FS (U.E) be a fuzzy soft set. Then the complement of F4, denoted by FAC,
defined by

Ff(e):[i -pEAif e € A]

1, ife A

Definition 2.8[16]

Let 1 be the collection of fuzzy soft sets over U. Then v is called a fuzzy soft
topology on U if i satisfies the following axioms:

()¢, E belong to .

(11) The union of any number of fuzzy soft sets in ¥ belongs to 1.

(111) The intersection of any two fuzzy soft sets i belongs to 1. The triplet (U, E,
) is called a fuzzy

soft topological space over U. The members of  are called fuzzy soft open sets in
U and complements of them are called fuzzy soft closed sets in U.

Definition 2.9[16]
The union of all fuzzy soft open subsets of F4 over (U, E) is called the interior of
F4 and is denoted by intfs(F ).

Proposition 2.1[16]
int(FaRGs) = in(F 1) Nint/s(Gs).

Definition 2.10 [16]
Let FA€EFS(U.E) be a fuzzy soft set. Then the intersection of all closed sets, each
containing Fa, is called the closure of F4 and is denoted by cl/s(Fa).

Remarks 2.1 [16]:

(1) For any fuzzy soft set Fain a fuzzy soft topological space (U, E, ), it is easy
to see that ((F4))° = int/s(F{) and (intfs (Fa)) °= clfs (Ef).

(2) For any fuzzy soft Fa subset of a fuzzy soft topological space (U, E, 1 ) ,we
define the fuzzy soft subspace topology. ¥ on Fa by Kpeyr,if Kp = FaA Gg for
some Gpey.

(3)For any fuzzy soft Hc in Fa fuzzy soft subspace of a fuzzy soft topological
space, we denote to the interior and closure of Hc in F4 by int[.;(Hc) and cl,C;(Hc),
respectively

CHAPTER-3

3.1 ON FUZZY SOFT NOWHERE DENSE SETS

Definition 3.1

A fuzzy soft set F.4in a fuzzy soft topological space (U,E,) is called a fuzzy soft
nowhere dense set if there exists no non-zero fuzzy soft open set Gg in (U,E, )
such that Ge< cl® (Fa). That is, int® cls (Fa)=0.

EXAMPLE 3.1

Suppose the fuzzy soft sets Fg, Gg, He, Ie, Ke, L, Tg, Je describe colours of the bikes
with respect to the given parameters.

U ={ x1,x2,x3} which is the set of all bikes under consideration.

Let IV be the collection of all fuzzy subsets of U. Also

Let E={e1.e2.63} where e1,e2.¢3 stand for the attributes

“nice”, “good”, “excellent”.

Let Fg, Gg, Hg, Ig, K, Lg, T, Je defined as follows,

.2 .3 .6 .7 .3 .4 .1 .5 .3
Fe=[.25 .15 .lO],G}s:.B .75 .7|.He=|.5 .75 .4]
.3 .6 .12 .8 .10 .9 .8 .1 .4

.2 .5 .6 DZBNS BNE .1 .3 .3
IE:[.S 75 .4] ,Kﬁ[.ls .25 .10|, Le=[.15 .25 .10]
.8 .4 .6 ORI  OJNG 30012 1
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4 .7 .6 .2 .5 .6
TE:|.8 .75 . 7], JE:[. 5 .75 .4—]
.8 .12 .9 .8 .12 .6
Then ) ={0, Fe,Ge, He, Ig, Kg, Lg, Tg, Je 1} is clearly a fuzzy soft topology on (U,
E ).The non-zero fuzzy soft open sets is
(U, E, ) are Fg, Gg, Hg, Ig, K, Lg, Tk, Jg, (FeV Gg),
(GeVHE), (HeVIe), (IeV Ke), (KeV L), (LeVTe), (TeV Je), (JeV FE).

Proposition3.3

The complement of a fuzzy soft nowhere dense set in a fuzzy soft topological space
(U, E, ) need not be a fuzzy soft nowhere dense set.

Proof

For, in example 3.2, (1-Fg) is a fuzzy soft nowhere dense set in (U, E, 1) whereas
Fe= 1-(1-Fk) is not a fuzzy soft nowhere dense set in (U, E, ).

Proposition 3.4

If Fa and Gg are fuzzy soft nowhere dense sets in a fuzzy soft topological space (U,
E, 1), then FaV Geneed not be fuzzy soft nowhere dense set in ,E,y).

Proof

For, in example 3.2, 1- Fg, 1-Gg, are fuzzy soft nowhere dense sets in ,E,y). , But
(1- Fe) V (1-Gg)= o implies that int® cI® (0)#0. Therefore union of fuzzy soft
nowhere dense sets need not be fuzzy soft nowhere dense set in ,E,y).

Proposition 3.5

If the fuzzy sets Fa and Gs are fuzzy soft nowhere dense sets in a fuzzy soft
topological space (U,E,)p) then Fa AGs is a fuzzy soft nowhere dense set in (U,E,
).

proof

Let the fuzzy soft sets Faand Gg are fuzzy soft nowhere dense sets in (U,E, 1 ).

Now int® cI® (FaAGs) < int® cI® (Fa) A intf clfs (Gg) < 0 A 0 (since int® cI®
(Fa)=0 and ints cls (Gg)=0). That is, int® cI® (FAAGs)=0. Hence(FaAGs) is a
fuzzy soft nowhere dense set in (U,E, ).

Proposition 3.6
If Fa is a fuzzy soft nowhere dense set is a fuzzy soft topological space (U,E.i),
then int® (Fa)=0.

Proof
Let Fa be a fuzzy soft nowhere dense set in (U,E,1). Then we have int® cI® (FA)=0.
Now Fa < cl®(Fa). We have int® < (Fa ) < int®cl® (Fa)=0. Hence int®(Fa)=0.

Proof

Let Fa be a fuzzy soft nowhere dense set in (U, E, 1). Then we have int® cl® (F4) =
0 and int® (Fa) =0. Now cl® (F4) =F4_since F, is fuzzy soft closed set in (U, E. )
implies that int® (Fa) = int® (F4)=0. Hence int®cI® (F,) =0.

Proposition 3.8

If Fa 1s a fuzzy soft nowhere dense set and Gp is any fuzzy soft set is a fuzzy soft
topological space (U, E, 1) then (FaAGs) is a fuzzy soft nowhere dense set in
(UEW).

Proof

Let Fa be a fuzzy soft nowhere dense set in (U, E.1).Then, int® cI® (F5)=0.Now
int® cl® (FaAGs) < int® cI® (Fa) A int® cl® (Gs) < 0 A int’s cls (Gs)=0 that is, int®
cl® (FanGg)=0. Hence (FaAGs) is a fuzzy soft nowhere dense set in (U.E, ).
Definition 3.9

A Fuzzy soft set Fa is a fuzzy soft topological space (U.E,) is called fuzzy soft
dense if there exists no fuzzy soft closed set Gg in (U.E.ip),such that FAo< Gg
<1,that is cI® (Fa)=1

Proposition 3.10
If Fa is a fuzzy soft dense and fuzzy soft open set in a fuzzy soft topological space
(U.E.y) and if F5 < 1-Gg, then Gg s a fuzzy soft nowhere dense set in (U.E.).

Proof

Let Fa be a fuzzy soft dense set in (U, E, 1) then we have C1®(F4) =1 and int® (Fa)
=Fa Now Gp < 1-Fa, implies that cI® (Gg) < 1 cl® (1-Fa) .Then cI® (Gg) < 1-int®
(Fa) = 1-Fa which implies that int cI® (Gg) < int® (1-Fa)=1—cI™ (Fs)=1 — 1=0.That
is int cI® (Gg) =0. Hence G is a fuzzy semi nowhere dense set in (U, E, ).

Proposition3.11
If Fa is a fuzzy soft nowhere dense set in a fuzzy soft topological space (U, E, ),
then 1-Fa s a fuzzy soft dense set in (U, E.).

Proof

Let Fa be a fuzzy soft nowhere dense set in (U, E, 1).Then, int® cl® (FA)=0. Now Fa
< cl® (Fa) implies that int® (Fa) < int® cI® (F4) = 0. Then int® (F4) = 0 and cI®
(1-Fa)=1-int® (Fa)=1 - 0=1 and hence 1- Fa1is a fuzzy soft dense set in (U,E, ).

Proposition 3.12
If F4 is a fuzzy soft nowhere dense set in a fuzzy soft topological space (U, E, ),
then cl® (F4) is also a fuzzy soft nowhere dense set in (U,E. ).

Proof

Let Fa be a fuzzy soft nowhere dense set in (U, E, ¥).Then, int® cI® (F4) = 0. Now
cl® ¢l (Fa) = cI® (F4). Hence int® cI® (cI® (F4))= int® cI® (F4)=0. Therfore cl®(Fa)
is also a fuzzy soft nowhere dense set in (U.E, ).

Proposition 3.13
If Fa is a fuzzy soft nowhere dense set in a fuzzy soft topological space (U, E, ¥).
Then 1-cl® (Fa) is a fuzzy soft dense set in (U, E, ).

Proof

Let Fa be a fuzzy soft nowhere dense set in(U, E, ). Then by proposition 3.12, cI®
(Fa) 1s a fuzzy soft nowhere dense set in (,E,y, ). Also by proposition 3.11, 1—cl®
(Fa) is a fuzzy soft dense set in (U, E, ¥).

Definition 3.14
Let (U, E, ) be a fuzzy soft topology. A fuzzy soft set Fo

In (U,E.y) is called fuzzy soft first category. If Fa=V/*i=1(Fa;), where Fa;"* are
fuzzy soft nowhere dense sets in (U.E, ). Any other fuzzy soft set in (.E,y, ) is
said to be of fuzzy soft second category.

Proposition 3.15
If F4 is a fuzzy soft first category set in a fuzzy soft topological space (U, E,), then
1-Fa=A%i=1( Fa;), where cI®(Gg;) =1.

Proof

Let F4 be a fuzzy soft first category set in (U.E, 1).Then we have Fa=V*i=1(Fa;)
,where Fa;* are fuzzy soft nowhere dense sets in (U,E, ). Now 1-F5=V*i=1 (Fa;)
=A"i=1 (Fai). Let Gpi= 1-Fa; Then 1-Fa=A"i=1(Gg;). Since Fa;"* are fuzzy soft
nowhere dense sets in (U.E, 1 ),by proposition 3.11,

We have 1-F ;" are fuzzy soft dense sets in (U, E, ¥). Hence cl® Gg;) = cl® (1-Fa;)
=1, Therefore we have 1-FA=A%i=1 (Gg;), where clf (Gr) = 1.

Definition 3.16

A fuzzy soft topological space (U, E, ¥) is called a fuzzy soft first category space if
the fuzzy soft set 1«1s a fuzzy soft first category set in (U, E, ¥). That is, 1,.=V*i=1
(Fa;), where Fa;® are fuzzy soft nowhere dense sets in (U, E, 1). Otherwise (U, E,
1) will be called a fuzzy soft second category space.

Proposition 3.17
If F4 be a fuzzy soft closed set in a fuzzy soft topological space (U, E, 1) and if int®
(Fa)=0. then Fais a fuzzy soft nowhere dense set in (U.E.).

Proof
Let Fa be a fuzzy soft closed set in (U, E, ). Then we have cl® (FA)=Fa.

Now int® cI® (F5)= int® (F4) and int® (F5)=0 implies that int® cI® (F1)=0. Hence
Fais a fuzzy soft nowhere set in (U, E, ).
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