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ABSTRACT

The main purpose of this paper is to study the concavity of fuzzy sets and fuzzy Relations defined on the R and Cartesian product of the set of real
numbers respectively. We use the concept of a-level sets to prove these results.
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INTRODUCTION

A key concept in the study of many concepts in the pure and practical
sciences is convexity. Concavity is the complement of convexity,
hence studying concavity of function is equally significant. Studying
the features of the functions and isolating them is made simple by their
convexity. The phrases fuzzy set, convex fuzzy set, fuzzy relation, and
a-cut were initially used by Prof. Zadeh in 1965. Fuzzy set M is a
function M : R —[0, 1], called as membership function and M(x) is
called membership grade atx in M; xE R, values of membership grades
lie in [0,1]. Fuzzy relation K is a fuzzy set defined on the Cartesian
product of the set of real numbers. B.B.Choudhuri[10] introduced the
notion of a concave fuzzy set while studying different shapes of fuzzy
sets.The idea was expanded upon to convex and concave fuzzy
mappings by Yu-Ru Syau [11]. Concavo-convex fuzzy sets were
introduced by Sarkar [12], who also established some intriguing
properties of this particular kind of fuzzy set. Ban [13, 14] provided
insightful commentary on convex intuitionistic fuzzy sets and created
Convex temporal intuitionistic fuzzy sets. The generalized features of
the aggregation of convex intuitionistic fuzzy sets were thoroughly
examined and characterized by Diiazetal. [15].

Closed and convex fuzzy sets were presented, and their relationship
was studied, by Xinmin Yang [2] and Syau [5]. Nadaban and Dzitac[4]
distinguished the convex fuzzy relation and included examples of
specific types of fuzzy relations in their research. Chen-Wei-Xu[6]
created new fuzzy relations based on earlier ones and gave convexity
results for fuzzy relations. The concept of a-cutis used in [1] to provide
a definition of the convexity of fuzzy sets. The fuzzy set F is concave,
and its a-cut, F, is convex; Vo€ (0, 1). This paper will investigate its
properties. We will extend the concavity of a fuzzy Set with respect to a
—cut to Fuzzy Relation and try to prove that fuzzy relation T is concave
then a —cut of the fuzzy relation, [ is convex; (0, 1].We will study that
cutofa Vo€ o—afuzzy setisan interval if F is a concave fuzzy setand
study its connection with a strongly concave fuzzy set and strictly
concave fuzzy set.

Preliminaries

Throughout this paper, M denotes fuzzy set defined on T denotes fuzzy
relation defined on R Here are some definitions that will be useful in
this paper.

Definition[6]:
A fuzzy set M defined on R is a function; M: R— [0, 1] is called as
membership function and M(x) is called membership grade of M at x.

Definition[7]:

A Fuzzy relation T'is a fuzzy set defined on Cartesian product of crisp
sets where tuples Y1 xY 2 xY 3 x..... xy n (y that may have varying
degrees of membership value is usually represented by a real number
for Y1 xY 2 xY 3, ....., y n) closed intervals[0,1] and indicate the
strength of the present relation between elements of the topic. Consider
T: XxY—[0, 1] then the fuzzy relation on X xY denoted by 7" or T(x, y)is
defined as the set 7(X, ¥) = {((x, y), T(x, »))/(x, y)EX, Y}. where T(x, y)
is the strength of the relation in two variables called membership
function. It gives the degree of membership of the ordered pair (x, y) in
Xx Yareal number in the interval [0,1].

Definition[3]:
T be fuzzy relation on X Y. Then T'is concave ifand only if 7(p (x 1,y
IN+A—p (2, y2)<max [T(x1,y1) AT(x2,y2); VY (x1,y1), (x

2,y2)EXxYandnElo, 1].

Definition[6]:
Let 7 be a fuzzy relation defined on Xx Y and a be such that 0 <
0o<1.Thena —cut of T is denoted by 7T'is defined by Ta.= {(x, y)) EXX Y/ T

X, y)<a}.

Definition [1]:

Abe a fuzzy set defined on R and o be such that 0 < a<1.Then a —level
of M, is denoted by M and defined by o M is a crisp set. a =
{xER/M(x)<a}.

Definition [1]:
M be a fuzzy set defined on R. Then M is concave if and only if M
(ux I+ (I—px2)<max[M (x1),M (x2)]; V x1,x2 ERand n<(0,1].

Definition[2]:

Afuzzy set Mon R is said to be strongly convex fuzzy setif M (pux 1 +(1
—wx2)<max[M(x1), M(x2)] ¥V x1,x2 €ER,x1 #x2pn<(0,1).

2.8 Definition [2]:

A fuzzy sct M on is said to be strictly concave fuzzy set if M (ux

11l w=max[MxDHMx2D]: MExl)iM(x2).vxl

X2 ER and pe(0, 1).

II1. Main Results

3.1 Theorem

M be a fuzzy set defined on R then M is concave then if for every
a€ (0, 1], M o is convex.

Proof: Suppose M is a concave fuzzy set definedon R .
to prove that M o is convex, Vae (0, 1].

Lel, 1f possible, for some w€ (0, 1]. M w15 nol convex.
That is there exist x, y €M such that,

we +(1—pw &M _a;vuelo, 1]

Implies that, (px 1 (1 pwy )=

Since, xEM o, M (x) < o

and yEM o, M(y)=uo.

Given M is a concave fuzzy set.

Therefore (px + (1 — Wy y<max(M(x), M(y)).
<max (o, o).

=
By definition of « - level set of fuzzy sel,
ux (1 peM .

A contradiction to our assumption that M a is not convex, for some
ae(0, 1].
Therefore, M @ is convex, Yae (0, 1].

3.2 Corollary:
M be a strongly (strictly) concave fuzzy set defined on R then M a+
is convex; for all a€ (0, 1], where M a+ is strong o —level set of M .

3.3 Theorem
T be a tfuzzy rclation defined on R =R then T is concave then for
every u€ (0, 17; T w 1s convex.
Proof.
Suppose that T is convex [uzzy relation delined on R #R.
to prove that T[1 18 convex.

Let if possible, for some a€ (0, 1]. Ta 18 not convex.
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Then Jjx DAL OIS T u such that

HEX VI (1 — wix 2 yz]e Ta; uel, 1]. Implies that (ux Tt
yorad - px,.y,= o

Since,(x Y 1_]ET U’:_T x|y l}iu. (1)
and (x ¥ 2_]6 Tu: Tix 2 y2}£ .

Since T 1s concave fuzzy relation.Consider,
T(pCey i) + (1= (%, ¥2)) < max(T(xy,y1), T(%2,¥2))-
< mi(a, o). (by
1)
= o
By delinition of « level sel ol [uzzy relation,
pCxy,yy) + (1= 1) (xz,y2) €T,
A contradiction.
T, is convex sct, for every o€ (0, 1.

3.4 Theorem

T be a strongly concave fuzzy relation defined on R? then there exist
unique element (x,,x5) such that T(x;,x5) = min{T (v, v2)/
(y1.¥:) ER*}.

Proof.

Suppose that there are two elements (x;,x,) and (z;,z,) in R?
such that

& =T (%) = T((7, 7)) = min {T(v3,3)/ (0 2) € R?)
(x,25) # (71,7,) .
Sa = {(x1,%3) . (21, 2,)}

Given that T is strongly concave fuzzy relation on R? therefore, T,
is convex; a€ (0, 1).
As (x,%) = (71.7) -

Wc have
ple, y) + (1= )G, y,) € Ty

as , T, contains only two elements ; lor all a€ (0, 1) and

ne(o, 1).

Therelore, T,, 15 not convex, A conlradiction.

S, x) = (70, 77) - )

Therelore, there exist unique elemenl (x,,x) T(x,x,) =

min{T(yy, y,)/(¥1.¥2) € R*}. _ _

Conversely, parl ol the above theorem 1s nol (rue in general; we

may lake non concave [uzzy sel and [ind a unique minimum

elemen.

3.5 Theorem

T i concave fuzzy relation defined on R? then for every e (0, 1),
T, isclosed and connected.

Proof.

Tiirst, we prove that T, 1s a closed sel.

let (x, ¥) be any limit point of T, then there exists sequence
(xu: yjl) € Tr.x'

(x,, %) = (x,v)¥n=N.

As (x,,v)ET, ., we have
rltl_l}; T(x,.y,0) < .

(x, v is limit point of T, ; (x, ¥} is cither an intcrior point or
boundary point of T,.

Case 1:(x, ¥) 1s an interior point ol T,, (hen clearly T(x, v)=a.

Case 2:(x, ¥) is boundary point of T,. We can find €= 0 such that
(x—€,x+€) 15 an mierior pont ol T,

Given that T is concave fuzzy relation on RZ.

Then by delinmiiion of concavity ol [uzzy relation, T, 1s not convex,
forall e € (0, 1].

Fm':(xn-yn)> (x-E,x+€) € Ta- #(xn-yn) + (1 - #](x—e, x+E) €

o

T(x,,v,) < a.ilherelore

lim p(x,, 3,0 + (1 — p)(x—€,x+€) €T,.
lim p(x,, v,y +lim (1 —p)(x—€,x+€) €T,.
plxy) + (1 - pwx—€y—€)e T,

foru=1(xy)eT,
Therelore M(x,v) < a.

‘Therefore T, is closed.

Now o prove that T,, is connecled.

Lel, 1l possible, il 1s not connecled. Then there exis( two non-emptly,
digjoint, open scts A and B such that

T, —AUDB and ANB—0.

We can choose (x,v) € Aand (x',¥v) € B.

Then p(x,y) + (1 —p)(x".v) €T, .

T, is not a concave set. Contradiction. ‘Therefore T, is conneeted.
Converse of the above theorem is not truc in gencral.

Txy)=1if (x,y) € {(x-J’) ER' [x'+y?z=4dand x* +y°
<o},
1
=3 if (x, V) ERYx*+y? < landx®+v* =4}
Then Ty = (x,y) € {(x,y) eXx? +y’zdandx? +y? < 9].

which 18 ¢losed and connecled bul not convex.

IV.CONCLUSION

We demonstrated the relationship between concave fuzzy set (concave
fuzzy relation) and fuzzy epigraph fuzzy set. a —level set works as a
bridge between crisp sets and fuzzy sets. Because concavity has
tremendous applications in various fields, it's crucial to investigate it
using a fuzzy method at several levels. We have used it to look into the
concavity of fuzzy sets and concave fuzzy relations.
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