Volume : 2 | Issue : 3 | March 2013

ISSN - 2250-1991

Research Paper

* Prestige Institute of Engg. & Science, Indore(M.P.)

* Seema Bagora

Engineering

The Revision on Fundamentals of Ring Il

ABSTRACT

The study of Ring and Distributive lattice is equivalent to the study of the corresponding algebra, because the Ring has a
property of Group and similarly Modular lattice is a special case of Distributive lattice and one can be obtained from other by
putting further algebraic approach.So in this paper we discuses the important properties of Ring.
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1. Introduction:The great Mathematician Brian C. Hall [18]
provedmany important properties in group and similarly in
[15] Ralph Freese and Ralph Mckenzie have one important
property of Modular lattice. So it is possible to give the con-
cise characterizations of algebra in terms of Ring and Dis-
tributive lattice. The study of Ring and Distributive lattice is
equivalent to the study of the corresponding algebra, because
the Ring has a property of Group and similarly Modular lattice
is a special case of Distributive lattice and one can be ob-
tained from other by putting further algebraic approach.First
we give some essentials knowledge of Ring theory.

1.1 Ring: If Ris any non —empty set, and +, * are two bi-

nary operations define on this set, then an algebraic structure
(R, +,*) is called a ring if it satisfies following properties:

i (R, +)is agroup.
i (R,*)is asemigroup.

iii An operation * is a distributive over the operation +( addi-
tion ).

1.2 Commutative Ring: ARing (R, +,*)

is called Commutative Ring if it

satisfies Commutative property with respectto * operation.i.e.
a * b=b* afor all values in R.

1. 3 Sub -Ring: A non empty subset of Ring, which satisfy all
theproperties of Ring is called a sub- Ring.

1.4Integral domain: A Ring (R, +,*) iscalled an integral
domain if it satisfy following Properties;
i. Itis commutative ring i.e. a *b=b*a for all values in R.

ii.Itis ring with unity i.e.there exist an element 1 in R such that
a* 1=1%* g=a generally it is denoted by( /,+, *).

1.5 Field : ARing (R,+, *) is called a Field if it satisfy fol-
lowing Properties

i. Itis commutative ring i.e. a *b=b*a for all values in R.

ii. It is ring with unity i.e. there exist an element 1 in R such
that a* 1=1* g=a

iii. It has inverse for second operation i.e. with respect to op-
eration * .i.e. if ain R then there exist b in R such that a* b=b

* g=1.
Then ais an inverse of b and b is inverse of a.
1.6Centre of a group: The centre of a group G is the set of

£€G such that g.h=h.g for all h<G

all
7 Centre of Field: If F is a field ,then the setof all f e F
such that f.h=h.ffor all values of hin F.

2. Theorems:

2.1 Theorem : If R be a commutative ring and let n be any
positive integer then R[n]=<{x e R:n = 0} is a sub ring
of R.

. xeR:x =0} |

Proof: Consider R[n] ={ tis given that R
is a commutative ring. And we have to show that R[n]is a
sub ring.

Closure property: LetX;, X, € R[n], a

X,,X, € R[n] therefore ® , =0, , =0

", +n ,=0=n(x +x,)=0=x, +.x, € R[n]
Existence of an Identity:As 0.n=0 = (0 R[n] which is
an identity element.

Existence of an Inverse: Let X;, X, € R[n]

as 0 e R therefore by closure property x, +.x, =0 = x, is an

inverse of x, and x, is aninverse of x,.

2.2 Theorem: Let / be an Ideal of commutative Ring R and
suppose that R/ is Cyclic of finite order q. If R=(1.7). then

R'=(L1).

Proof: As R is a Commutative ring.
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R= <1,t>.CD ca—(a,t)=a'a’ will be endomorphism. And,
|, t are normalizer of <1,t> .So Ris also normalizer of <1,t>

as Ris Commutative ring and | is an Ideal therefore R/l will
be also an abelian .which implies (7,¢)=R".

2.3 Theorem: The centre of a Field is an Integral .

Proof: Let C(F) is a centre of integral domain . i.e C (F) ={f:
f.h=h.f, fth=h+f for all j,cF } First we prove ( C(F),+)is a

group.
Closure property:Let f,, 1, € C(F) i.e.
Sith=h+f.[,+h=h+],

where f,, f,are arbitrary elements in C(F).

Consider (f, f,)+h

+ 2

=f,(f,,h) (Associative in F)

= f1+(h+f2)

4

(F, D)+,

4

(h+f1)+f2
o he(t, )
= htfeF

closure property is satisfied.

Existence of an identity element: C(F) is a subset of F. as
0+h=h+0 where o<  Therefore o0ecC(F)

Existence of an inverse : As occ(F)

therefore by closure property a+b=0 => aiis

an inverse of b and bis an inverse of a.by

the above properties it is clear that (C(F),*) is

a group.

Closure property: Let /.7, ccu) i.e. fin=j . f,h=F,

Where f,, f,are arbitrary elements in C(F) Consider (ff,)h =

f,(f,h) (gszsociative in F)

> f,(hf)

4

(f,h)f,

> (hf,f,

4

h(f,f,)
= ff

12

= ff,
= hheF
closure property is satisfied.

Commutative Property: As C (F) is a subset of F, and as
Commutative Property satisfied in F. Therefore this satisfy
also in C(F).

Existence of unit element: |- and as 1.h=h.1=> 1ccF)

As all above properties are satisfied therefore we can say
that C(F) is an Integral domain.

2.4 Theorem: If A is a Distributive lattice and let F be an n-
frame in conA,then |11, |<0,

Proof : As we know that [15] If V is a variety of algebras with
distributive Congruence then these lattices have an additional
operation known as the commutator, this is denoted [,

If AeV]a,pB]and,a,B,and,p, €cond then i. [, B1<anp

i [le.pl=[p.al]

iii. [avB]l=Va,p]

Let 1,=qVv....va, pyusing above [lz:1p1<0, vViga]
but

as 4 54;VC  We have

la;,a,]<[a;,a; v 1=[a,,a,]v]a,c;1<(a, na))v(a, ne)=a,A(a;ve; ) =0,

hence |1,.,1,|<0,

2.5 Theorem: The automorphism of a lattices form a
Distributive lattices.

Proof: Let f: D— D be an automorphism .(where D is a Lat-
tice).Such that f(a)=a for all values of a in D.

It is evident, f is well define, one-one and onto. Let f,g and h
are three automorphism on Distributive latticeNow, we define

fAg= fNg ie.Intersection of fand g.

vV & =f ie.fg={xy:xe f,y e g}As, any Lattice satisfy Dis-
tributive inequality.i.e. We have, fv (g Mh)S VN VD
{ We Define =<} ...(25.1)
Now , we have to prove (fv g)N(fvh) <fv(gNh)

Let,ae (fvg)N(fVh)

U

aefvgand ae fvh
a € fg and a€ th
a =bcEfgand a=bc€<fh

b€ f,c€ gand bE€f,c€h

Uu Uy

bef.cegNh
= boefv (gNh)

= a=bc €fv (gNh)

=@ NS v Ly (gNh (252)
From Equation (6.2.5.1) and (6.2.5.2)

(V) NS v = fv(gNh)

Therefore it is clear that automorphism on a lattice form a
Distributive lattice.

2.6 Theorem: If L and L’ be two lattices ,and ¥ is a homo-
morphism of L into L'and M is congruence = ,then kernel of
Y is also a kernel of M.

Proof: It is given that L and L’ be two lattices. and g :L— L'

be homomorphism.Then kery =set of all those elements
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whose image is an identity element.i.e. ker'¥ ={x: ¥ (x)=an
identity element }

Y (identityelement) = {x /Y (x) = identityelement}
= {x/ ¥ (x) = Y (identityelement) = {x/ x = identityelement}

= [identityelement] = ©~' (identityelement) = M

2.7 Theorem: An Integral domain which is not relatively
complemented has a homomorphic image isomorphic to the
Chain of three elements.

Proof : Let /is an Integral domain with the property A. And R
is not relatively complemented, and let / has a homo-mor-
phic image isomorphic to the chain of three elements. As /
has an HI property [1], in this case the chain of three elements
also has the property A. This is contradiction and let an Inte-
gral domain is not relatively complemented , then there three
elements a,b,c existin R such that b<c<a and c has no
relatively complemented in the interval [b a] .Let consider
the dual ideal P=id:a<d-cignd the dual ideal E=[c)vD
those elements of E which are included in c are in the form of
cnd. b is not element of E, because if not b= cn 4. for all

And so b=anb=cn(and) would hold. It is clear that
andeD butwe have if beE,then gnd.e D, hence
a <cuU(and) thus in effect of c<awe geta=c U (aNd)
therefore it is clear that ¢ nd is a relative complement of

c.Again we get contradiction,so by Stone ‘s theorem we con-
sider prime ideal and can prove this as in [1], and finally we
conclude the three elements of chain willbe 0.2, and 0

is a least and 1 is Greatest element of chain.

2.7.1Corollary: Any finite Field which is not relatively comple-
mented has a homomorphic image isomorphic to the Chain
of three elements.

Proof : By the definition of Field it is trivial.

2.8 Theorem: If in a Ring [8] there is a one-one correspond-
ence between congruence relations and Ideals then this ring
is a relatively complemented ring.

Proof : Let R is aring and there is a one-one correspond-
ence between congruence relations and ideals of this.And
we have to prove this ring is relatively complemented. As we
know that an ideal of of the ring is the kernel of precisely one
homomorphism.

Let R’ be a homomorphic image of R ,and /’an ideal in R’. if
I’is the kernel of more than one homomorphism, then its com-
plete inverse image has the same Property .i.e. this has HI
property the chain of three elements does not have the above
property, because the ideal (0] is a Congruence class under
the identical congruence relation. And in which & =1, # 0,

hence it is clear that it will be relatively complemented.

2.8.1 Corollary: If in an Integral domain there is a one-one
correspondence between congruence relations and ideals
then this Integral domain is a relatively complemented.

2.9 Theorem: Let A be an HI property [9] of Ring [4]. If the
semi group (with respect to Operation) of three elements and
have the Property A, then this Ring has multiplicative in-
verse.

Proof: Let R is a ring with HI property and the Semi group

(with respect to . operation) of three elements and have
the property A, but let it has no multiplicative inverse.Con-
sider the semi group which contains three elements a,b,c
such that b<c<a . As it has no multiplicative inverse. that
mean ¢ has no multiplicative inverse.Let us consider the Ideal
D ={d;a<d +c} and the dual Ideal E=[c) + D.\ D.those

elements of E which are included in c are in the form of
cNd.b is not element of E, because if not b= c.d. for all

d e D .And so b=ab=c(ad) would hold. therefore it is
clear that a is an identity element of this semi group. But as
this is a semi group .therefore by closure property b.c=a that
means c is an inverse of b and b is an inverse of a. This is
contradiction. Therefore it is clear that our assumption is
wrong. It means let A be an HI property [1] of Ring. If the semi
group(with respect to . operation) of three elements and
have the property A then this Ring has multiplicative in-
verse.

2.10 Theorem: If X be a subset in Distributive lattice L with 0.
Then a map ®: X'» — [ is a Banaschewski measure then

YOx=(ynz)O(yAx) forall x<y<z

Proof: Let ® is a Banaschewski measure on X.and also let
x<y<zin X .And V= (¥ Az)O(y A Xx) obviously
xAv=0 Furthermore, as X < ¥ and by the definition of
Distributive  latticex Av=yA(xvz)®(xvx) =yAz=y
And as y®x<v and L is Distributive lattice therefore

v = yOX therefore YOX = (¥ A 2)O(y A x)

2.11 Theorem: Let L is a is Distributive lattice with
zero,let e,b € Lsuchthate ® b =1.Andlet[20] X = L I b.

if there exist an L- valued Banaschewski Function on
e@ X ={e@®x:xe X} ,then there exist a (le)-val-

ued[20] Banaschewski function on X.

Proof: Let ©® is aBanaschewski measureone @ X .Then
we have YO'x =b Alev (e®D y)O(e®))]lt is clear that
®'is L ~L b. -valued,and isotone in y and antitone in X.As L
is Distributive latticetherefore x Alev (e @ »)O(e @ x))] =0
Asx < bthen x A (¥O'x) =0 And xv 0OV =bAlxvev(e® O x)
As L is Distributive lattice therefore x v (y®'x) =0/ (ev'y)
bre)yvbAay)= Y Hence XV (O'x) =V

3.Pseudovariety and Redical class:

Here we define pseudovariety and Redical class for Distribu-
tive lattice as follow:

3.1Pseudovariety (in Distributive lattice): A non-empty
class of finite Distributive lattice closed under divisors and
finite direct product is called (in Distributive lattice.)

3.2Redical class(in Distributive Lattice): A redical class
of finite Distributive lattice is a Subclass with the following
properties:

I. It is closed under homo-morphic images.

II. If D is a Distributive lattice and there are three Normal
subgroups which belong to this class , and as the product of
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these Normal subgroups is also a Normal subgroups. There-
fore product of these Normal subgroups also belongs to this
class Ill for each Lattice this class is unique.

We define pseudovariety and Redical class for Ring as follow:
3.3 Pseudovariety (in Ring): A non-empty class of finite
Ring closed under divisors And finite direct product is called
(in Ring.)

3.4 Redical class(in Ring): A redical class of finite Ring is
a subclass with the following properties:|. It is closed under
homo-morphic images.Il. If R is a Ring and there are two Nor-
mal subgroups which belong to this class , and as the prod-
uct of these Normal subgroups is also a Normal subgroups.
Therefore product of these Normal subgroups also belongs
to this class I. For each Lattice this class is unique.

3.5 Theorem : If R, and R,are pseudovartites of Ring and let
R be a finite Ring, then

i R eR].sz% €R,
Ry

i, RRle _ y
Ry R, &,

Proof: Let Re R|.R, , and we have to prove% €R,AsR,
R

and R, are pseudovartites of Ring. Therefore by the definition
of pseudovartites R,. R,is also a pseudovartites .

Let R.R,=K.and as R e R,.R, then R,.R,=k must have
normal subgroups. And K € R, and 1%{ € R, .But we know
that by the definition of Radical K c R, ,and
therefore % ERy, .

R
Let /,and /, are two Ideals of Rand R € R,.R, Suppose that

B= ([i)R. As R, pseudovariety then B,.B, € R, therefore
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