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ABSTRACT

In the present paper, we compare Cournot equilibrium, Ryu-Kim equilibrium and Sakai equilibrium by constructing a
duopolistic model where there is asymmetry of demand information between the two firms in a sense that one firm has
only partial information, while the other firm has perfect information concerning the demand. It is revealed that as for the
output of the firm which has only partial information, Cournot equilibrium is the largest, followed by Sakai equilibrium and
Ryu-Kim equilibrium, while as for the output of the firm which has perfect information, Sakai equilibrium is the largest,

followed by Cournot equilibrium that is equal to Ryu-Kim equilibrium.

KEYWORDS

Cournot equilibrium, Asymmetry of Demand information, Common knowledge

INTRODUCTION

Cournot equilibrium model, which was
constructed by Cournot (1838) and is said to apply for
the petroleum market in India (Singh and Kaur
(2015)), have been progressing taking notice of
information sharing with rivals (Novshek and
Sonnenschein (1982), Clarke (1983a, 1983b), Gal-Or
(1986), Shapiro (1986), Kirby (1988) and so on), with
masterpieces being Sakai (1990, 1991) and Ryu and
Kim (2011, 2014).

Sakai (1990, 1991) focus on duopolistic
market where there is asymmetry of demand
information between the two firms in a sense that one
firm has only partial information, while the other firm
has perfect information. In Sakai (1990, 1991), it is
also assumed that one firm 7 with partial information
mistakenly perceives that the other firm j with perfect
information recognizes the economic environment just
like firm 7. Ryu and Kim (2011, 2014), on the other
hand, introduce sequence of mutual conjectures into
the Cournot equilibrium model. More precisely, Ryu
and Kim (2011, 2014) construct a duopolistic model
where each firm 7 conjectures the other firm ;j’s output,
knowing that firm 7’s output is conjectured by firm ;
which knows that firm ;j’s output is conjectured by firm
i, and so on ad infinitum, as in the modeling of
common knowledge (Aumann (1976) etc.).

Despite the novelty of the above two models,
relationship between them is not examined enough.
Although Ryu and Kim (2014) suggest the similarity
of their model to Sakai model, process of the analysis,
as well as the analytical framework, is unclear, since
the two models are not compared in the same situation.
In fact, according to Ryu and Kim (2014), effect of cost
uncertainty in Ryu and Kim (2014) is similar to that of
demand uncertainty in Sakai model. Thus, in the
present paper, we construct a duopolistic model where
one firm has only partial information, while the other
firm has perfect information concerning the demand,
to compare Cournot equilibrium, Ryu-Kim
equilibrium and Sakai equilibrium.

Structure of this paper is as follows. Section
2 lays out a basic model and Section 3 derives Ryu-
Kim equilibrium, followed by Section 4 that compares
Cournot equilibrium, Ryu-Kim equilibrium and Sakai
equilibrium. Concluding remarks are made in Section
5.

BASIC MODEL

Let us consider a duopolistic market where
two firms (1,2), which produce identical goods, engage
in quantity competition facing a linear demand,

p=a-qi-q2,
where p, a and ¢g; (i=1,2) denote price, demand
intercept and firm i’s output. Here, slope of inverse
demand curve is assumed to be unity for the simplicity
of analysis. We also assume that firm i’s marginal cost
is constant at ¢; (¢;/~0) and no fixed costs are required.

With reference to demand intercept, we
assume that firm 1 has only partial information, while
firm 2 has perfect information. Letting £ and & denote
expectations operator and a positive constant that
expresses the uncertainty to firm 1, the above
asymmetry of information is formulated as

E(alQ))=a+0;

E(alQ2)=a,
where ) and € are information sets available to firm
1 and firm 2, respectively, with E(a|Q)=a+6 meaning
that firm 1 mistakenly perceives the demand intercept
as a+6 owing to the lack of information. We assume
also  E[(a|Q)|Q:]=E(a|Q)=a+0 (i.e., E(at+0|Q2)
=a-+0), which means that firm 2 conjectures firm 1’s
conjecture exactly, and E[(a|Q2)|Qi]=E(a|Q)=a+0,
which means that firm 1, owing to the lack of
information, mistakenly perceives that firm 2
conjectures the demand intercept as a+6.

‘We assume that conjectures on both firm are
common knowledge in that each firm i (i=1,2)
conjectures the other firm j’s (j#i) output based on
her/his own information set ;, knowing that firm i’s
output is conjectured by firm j which knows that firm

J’s output is conjectured by firm i, and so on ad

infinitum. In this setting, expected profits of firm 1 and
2 are described, respectively, as
E(m|Q)= {a+0-q1-E(q2|21)-c1}q1;

E(m2|€02)= {a-E(q1|22)-g2-c2} q>,

where E(q2|€21) and E(q1]€22) are to be determined later.
Note that use is made of here that E(ci|Q)=c; and
E(qiQ)=q:; for every i=1,2, E(a|Q)=a+6 and
E(a|Q2)=a.

From these expected profits, reaction
functions of firm 1 and firm 2 are derived, respectively,
as

QI=%{Q+97617E(Q2|QI)}; @
Q2:%{a_cz_E(qllgz)}' (€]

Since each firm conjectures, as mentioned above, the
other firm’s output, knowing that both of them
conjecture each other’s reaction, first of all, £(q1|€22) is
transformed into
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E(ql\Q»:Eg[aw—q—E{%{a—q—E(ql\QZ)\QJHQZ]}’ 3)

by substituting (2) into £(¢,|Q) in (1), and substituting
the ¢ just derived into E(qi|Q), while E(q2|Q) is
transformed into

E(qz\QJ:E{%[a—cZ—E{%[aW—q B l0) 0 @

by substituting (1) into £(¢1|€) in (2), and substituting
the ¢» just derived into E(g2/Qi), each of which,
respectively, reduces to

1 1 | | | .
Bl 0:)= (= Na+0)=2 e Bl | 0y)° ©)

1
E(g, Q)= >(a+e)+icl zczﬁE(qz\Q])’ (6)

2 4
by making use OfE(C,‘|Q[):E[(C,'|Q,‘)|Q,‘]:E[(C,"Qj)|gi]
=c; for every i=1,2 and j#i, E(a|Q1)= E[(a|)|]
=a+0, E(a|Q)=a and E[(a|Q)|Qi]=a+0, to yield

E(ql ‘Qz):(%—%‘Fé)(CH-@)—(%%—é)cl +%cz
i 19)|0.) Y

111 11
Elg, Q)= = a0+ 6=+

_éE[(q] Q)] (®)

by substituting (1) into (5) and (2) into (6), respectively.

Let’s call these two formulas firm 2’s
conjecture on firm 1’s output and firm 1’s conjecture
on firm 2’s output in round 1, respectively.

DERIVATION OF RYU-KIM EQUILIBRIUM

Interaction of mutual conjectures does not
stop here. By carrying out similar calculation, we have
firm 2’s conjecture on firm 1’s output and firm 1’s
conjecture on firm 2’s output in round n, respectively
as

E(q,[€Q,)= { ***** )Z( )" }a+0)- { +o Z( )" e,

2 4 i
+*Z(*)"'lcz Jr*(*)"'1 El(q, [Q)],]; ©

E(g, 1) = {5- Z-g)Z( ) Ha+0)+— Z( )¢

_{* *Z( )n 1} ¢, g(Z)HE[(% |Qz) | Ql]- (10)
Thus, we have firm 2’s conjecture on firm 1’s

output and firm 1’s conjecture on firm 2’s output in the
limit, respectively, as

1
E(q,19Q;)=3(a+0-2¢ +c,); (11)

1
E(q2|Ql):§(a+e9+cl—262). (12)

Series of firm i’s conjecture on firm j’s output
(:=1,2, j#i) are shown graphically as in Figure 1(a)(b).
g, ©2)101]

fi ¥

o , Fig, |Q,)
|
—{a+f@=2¢ +¢c,)

Figure 1(a)
series of firm 2’s anticipation of firm 1’s output

E{g, | €]

ﬁ'ﬁ.. Tix the lanaid

Figure 1(b)
series of firm 1’s anticipation of firm 2’s output

By substituting (12) into (1) and (11) into (2),
we have the reaction functions of firm 1 and firm 2 in
the limit, respectively, as

qlzé(a—9—2q+cz); 13)

qzzé(a—9+c]—2cz)- (14)

Therefore, the equilibrium is shown as the
intersection of the two reaction curves as in Figure 2,
which we call Ryu-Kim equilibrium. Note that outputs
in Ryu-Kim equilibrium (quK R qu ) are equal to (13)
and (14), since reaction curves of firm 1 and firm 2 are
vertical and horizontal in ¢1-¢» space, respectively.
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Figure 2

derivation of Ryu-Kim equilibrium

COMPARISON OF EQUILIBRIUMS
If we assume that each firm maximizes
expected profit taking the other firm’s output as given
i.e., ina Cournot fashion, since expected profits of firm
1 and 2 are described as
E(m)=(at0-q1-g2-c1)q1;

E(m)=(a-q1-q2-c2)q2,
reaction functions of firm 1 and firm 2 in this case are
derived, respectively, as

1 .
q :E(‘H’e_cl -q,)°

1
q, =E(a_cz_%)’

to yield the Cournot equilibrium, by solving these
simultaneous equations with respect to ¢; and ¢», as

qf:%(a+29—2cl+cz); (15)

qu%(a—0+cl—2c2)> (16)

which is shown at the point EC in Figure 3.
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Figure 3
Ryu-Kim equilibrium and Cournot equilibirum

By comparing the Cournot equilibrium (point £€) with

the Ryu-Kim (point E*X) equilibrium, we have the
following proposition.

Propositionl: Output of the firm which has only
partial information in Ryu-Kim equilibrium is
smaller than her/his output in Cournot equilibrium,
while output of the firm which has perfect
information in Ryu-Kim equilibrium is the same as
her/his output in Cournot equilibrium.

Now, we can derive the equilibrium that was
presented in Sakai (1990) where firm 7 with partial
information mistakenly perceives that the other firm ;
with perfect information recognizes the economic
environment just like firm 7, and firm i’s output is
determined as the intersection of firm i’s reaction
function and firm ;’s reaction function mistakenly
perceived by firm i, while firm ;’s output is determined
by substituting firm i’s output just derived into firm j’s
real reaction function.

In the case of the present paper, firm 1’s
reaction function and firm 2’s reaction function
mistakenly perceived by firm 1 are, respectively

1 .
4q, ZE(LH-Q—C] -4,)°

1
q, IE(a+9—C2—q1)'

Thus, firm 1’s output is derived as the
intersection of these reaction functions as

q =%(a+0—2c1 +c,)>
which in turn yields firm 2’s output as
1 1
9 25(0—5‘94'01 -2¢,)
by substituting qls into firm 2’s real reaction function
4= l(a —¢,—q,)» Which is shown in Figure 4, where
2

ES s Sakai equilibrium (g , ¢5 ).

LF

Frml s reaction curve
.l '
% 1
A |
i
* i
- * I
- N
A
L
Fi '.-._\_ i
[ 2L S rm2's reaction curve
. N
1 W - perceived by Firml
I -0 ' :
[ - i
[ -
: . S
' % R
i \ ! -
; v Fimu2's reaclion tnove
I a
Figure 4

Sakai equilibrium

Since we have the relationship among the
three equilibriums as in Figure 5, following
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proposition is derived.

Proposition2: With reference to the output of the firm
which has only partial information, Cournot
equilibrium is the largest followed by Sakai
equilibrium and Ryu-Kim equilibrium, while with
reference to the output of the firm which has perfect
information, Sakai equilibrium is the largest
followed by Cournot equilibrium that is equal to Ryu-
Kim equilibrium.

CONCLUDING REMARKS

In the present paper, we constructed a
duopolistic model where one firm has only partial
information, while the other firm has perfect
information concerning the demand, to compare
Cournot equilibrium, Ryu-Kim equilibrium and Sakai
equilibrium.

Main conclusions are: (1) with reference to
the output of the firm which has only partial

information, Cournot equilibrium is the largest
followed by Sakai equilibrium and Ryu-Kim
equilibrium, while (2) with reference to the output of
the firm which has perfect information, Sakai
equilibrium is the largest followed by Cournot
equilibrium that is equal to Ryu-Kim equilibrium.

We truly hope this research note will
contribute to better understanding of the distinguished
PR framework Cournot (1838) provided.
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Figure 5
comparison of three equilibriums
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