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in [4] is one-to-one.

ABSTRACT

Let G be any group and R and S be rings. If the group rings RG and SG are isomorphic as rings, a correspondence between
the ideals of R and S has already been established in [4]. Here we study under what conditions, the correspondence obtained

1. Introduction :
The second isomorphism problem asks whether or not R is an

invariant of RG i.e. if RG=SG as rings, whether R is isomorphicto S
ornot. The answer is no in general. In [4] we took up the case when
RGSG and formulated a correspondence between the ideals of R
and S. we studied some properties of this correspondence and
proved that it worked for Jordan ideals [1] and Lie ideals [1]
provided that G is an abelian group. Here we prove that this
correspondence is one-to-one in case the second isomorphism
problem s resolved.

Proposition 2.1
LetRand Sberings, Ganygroup and 6: RG=5G a ring isomorphism.
Foreveryideals|of R, set

d(I)={s€8|sl,€0 (IG)}

(i) Then ¢ (/)s anideal of Sand for I=R, ¢ (/) =S. Thus we have a
correspondence.

0 L,(R) — L,(S)

Where & andL,(s' denote lattices of ideals of R and S respecti-
vely.
Similarly we have a correspondence

o L(R) = L(S)
(ii) If & induces anisomorphism between Rand Swe have ¢ y =1,
wié=1

i.e. ¢ isaone-to-one correspondence.

Proof :
(i) hasalready been provedin[4 ]
(i) since ¢ (I)isanideal of S,

-~ ¢ () Gisanideal of SG.

Take any element

Z.\'ug eb()G,s, ep(l) Vgeg
Then
0 (Fs,2)=0" (X100 050))

Z"’ I[t-"_-lc-llsg}]

Y6 (s,1.)87 (1,8)

s e@(l), o (5,15) e HIG)

Thisimplies that g-! (5,15 ) et

Also 87 (1,g) € RG andsince G isan ideal or RG
67 (s,1,) 67 (1,8)elG
=Y 6" (s,1,) 67 (1,8)clG
= 07 (Ys,g )JeIG

Thusweseethat @7 (¢(1G)C IG

Consider

w:L,(S) = L,(R).Then

w(J)={reR|rl, €67 (JG)} foreveryldeal)of$S
Claim: ¢ =1, v ¢=1

of R,
w ¢ (). Take any re yw ¢ (1) Then

For any ideal | consider

reR and 1. e (¢(1)G) i.e. re R
and r1, € 7G and hencer €7

Sowpd)CI
Conversely take any rel.
re we(l) iff

Then

rMee 67 (#(1)G) ie iff 6(rl.)
e g(1)G
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Now as @ induces an
isomorphism between R and S,
0 (rlg) =slg for some sS and so
sed(l) (- sl, € 6(I1G))
~O0(rl) € ¢ ()G
= rl, € 67 (¢(1)G)
=  Trewyg()
I Cyp(l)

wg =1
Similarly gy =1
Hence () s a one-to-one correspondence provided that @ induces

an isomorphism between RandS.

Remark 2.2 There are many instances when does induce an
isomorphism between Rand S. We mention afew :

(1) f R and S are P1.D's which do not contain fields and <x> is an

infinite cyclic group then R <x> =S <x>implies that R =S([2])

(i) If R and S are integral domains and G a torsion abelian group

then RGE=SG implies thatR = S([3])

Example 2.3 Now we give an example to show that in case

0: RG = SG does not induce an isomorphism from R to S, the
correspondence obtained by us need not be a one-to-one
correspondence.

LetG,, G,, G,, ... beinfinite cyclic groups and R=Z, S=ZG,and
G=, %, Gi the direct product of G,, G,,..... Then we have an
isomorphism

6: RG = SG which does not induce an isomorphism between R
ands.

Take J = A/G,)the augmentation ideal of ZG,. Jisanideal of S, but
there does not exist any ideal | of Rsuch that J = ¢(r)

Thus the correspondence 8 is not a objective one.
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