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é In this research article we inaugurate a fixed point theorem in fuzzy 2-metric space by using the conditions of R weakly

-l commuting of type (Ag) and (E.A) property and further to discuss the existence of fixed point in the non-compatible maps.
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1. Introduction:

The theory of fuzzy sets was
presented by Zadeh[19] in 1965. To practice
this theory in topology and exploration,
several authors have widely developed the
concept of fuzzy sets and then its
applications. Fixed point propositions in
fuzzy mathematics are developing with
dynamic hope and vital confidence. Using
the theory of fuzzy sets, the fuzzy metric
space was presented by Kramosil and
Michalek[10] in 1975. Grabiec[7]
ascertained the reduction standard in fuzzy
metric space in 1988. In addition, George
and Veeramani[6] improved the concept of
fuzzy metric space by the assistance of t-
norms in 1994. The theory of 2-metric space
was introduced by Gahler [5]. He deals the
Definition 2.1 A binary operation *
[@.1] »* [©.1] — [@.1] is called a continuous
t-norm if ([@,1]#) is an abelian topological
monoid with unit 1 such that @ =& = c=d
whenever a=¢ and b&=d for all
a, b, c,d € [01].

area of function in Euclidian space. Iseki
and et.al[9] initiated to prove contraction
type mapping in 2-metric space. Cho[4].
Kutukcu and et.al[12] proved a common
fixed point theorem for three mappings in
fuzzy 2-metric space. Sanjaykumar[11]
discussed the concept of fuzzy 2-metric
space akin to 2-metric space introduced by

Gabhler.

In this research paper present non-
compatible point wise R-weakly commuting
self maps of fuzzy 2-metric space and proofs

were discussed.
2. Preliminaries

In this segment we recall some
descriptions and acknowledged results in

fuzzy 2-metric space.

Definition 2.2 The 3-tuple {X, M ,#) is called
a fuzzy metric space if X is an arbitrary set,
* is a continuous t-norm and A7 is a fuzzy set

in X% x [0,%) satisfying the following

conditions:

() Mi{x,7,0) =0,
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(i)  M(x,yt)=1forall ¢t = 0if
and only if x = ¥,
(i) M%) = M(met),

M[:xr-:rt + 5':] = M(.‘f-,.-}ﬂ-ﬂ L
(iv) M(yz,5),

v) Mz )[0=)—=[01] is
left continuous for all

xywr&€Xandt, s =0,

Note that M(x, &)} can be thought of as the
degree of nearness between x and v with

respect to t.

Definition 2.3 The 3-tuple (X,M.¥) is
called a fuzzy 2-metric space if X is an
arbitrary set, * is a continuous t-norm and A
is a fuzzy set in X% X [0,%) satisfying the
following conditions : for all x, ¥ zu € X

and ty, &g, ty, > 0,

(i) M(xyz0l=0
(i)  M(x.wzt) =1 for all £ @ if and

only if atleast two of the three points

are equal,

(111) M‘:ﬁﬂ}’;&?} = ME.”E.Z,:}",. t)= M{y,z,x £}

for all £ 0, (Symmetry about first

three variables)

(iv) Mey oty +op+ ) My t)e

Mz, 80
M, 3,2, 85),
(This corresponds to tetrahedron
inequality in fuzzy 2-metric space.
The function value M(x,¥, .t} may
be interpreted as the probability that
the area of triangle is less than t.)
v)  Mix,yz.:[01)=[01] is left

continuous.

Definition 2.4 Self mappings 4 and 5 of a

fuzzy 2-metric space (X,M,*) is said to be
compatible if ltm M(ABx, BAx .a,t) =1
7 -+ o -

for all @ € X and ¢ = 0, whenever {xJis a

sequence in X such that

ftm _ ltm
X, =
n—=+ % n— %

for some z € X,

From the above definition it is

inferred that A and B are non-compatible
maps from fuzzy 2-metric space (X,M,#)

into itself if M gy = M
n—

for some z £ X, but either

ltm
10—+ %

M(ABx,.BAx, at) 21 or the limit
does not exist.

Definition 2.5 A pair of self-mappings (A.S)
of a fuzzy 2-metric space (X, M=) is said to

be
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(i)  Weakly
M{ASx SAxa,t) = M{Ax, 5% a,t)

forall z,a €X and t = @.

(i)  R-weakly commuting if there exists some (i)

R = 0 such that
MiASx SAxa,t) = M{Ax Sx.a t/R)
forallx,a€X and t = 0.

(i)  R-weakly commuting to type (4,)
provided there exists some real
number B such that
M{AAx BAxa,t) = M{AxBx, a,t/R)

foreach x,& € Xand ¢ = @,
Definition 2.6 Let A and E be two

selfmappings of a fuzzy 2-metric space

(X.M.%). We say that A and B satisfy the
property (E.4) if there exists a sequence

{x,} such that ﬂgiﬂx.ﬁlxﬁ = lim Bx,=t

for some t € X.

3. Main Results

The following results provide the
common fixed point theorems using the

notion of R-weakly commutativity of type

(Ag).

Theorem 3.1 Let 4 and B

be pointwise R  -weakly commuting

commuting if

selfmaps of type (4,) of a fuzzy 2-metric

space (X, M,#) such that

i) Al <Bx),
Midx Ay, aht) = min {M(Bx, By a,t)
M{Ax,Bx, a, t), M{Ay, By,a,t),
M{Ay, Bx.a,t), M(Ax.Br.at)} (1)
0< h<I1,t>0.1If A and F satisfy the
property (E.A) and the range of either of 4
or £ is a complete subspace of ¥, then 4

and B have a unique common fixed point.

Proof Since A and B

are satisfying the property (E.A), there
exists a sequence {x,} in X such that

fim = Fim Bx, = g for some p in
n = n=+ o

X. Since p € AX and AX < BX, there exists
some point u in X such that @ = Bu where

_ ltm . ) )
= o wfﬁx&. If Au = Bu, the inequality.

M(Ax,,4u, a, ht) = min {M(Bx,.Bu,a,t),

M(Ax,, Bx,.a,t), M(Auw, By, a, t),

M(Au,Bx, . a t), M(Ax,, Bu,a,t)}
on letting 1 =+ e yields

M(Bu, Au, @, ht)= min {M{Bu,Bu,a,t),

M{Bu,Bu,a, 1), M{Aw,Bu,a,t),
M{Aw, Bu,a, t), M(Bu, By, £)]
= M(Bu, Au, a, t)
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1

Hence du = Bu. Define M{x, ¥, t) = = :tlix,yz}fw allxyreX
Since A4 and B are RE-weakly and £ 0
commuting of type (A, there exists & = @ Where

such that

dlx, v 2) = max {lx -y, [y — 21,12 — %}
M{AAw B Awa t) = M{dw B tfR) =1, g o=l

Here
that 1s, Adu = BAu and
fx =2} u {6)
Adu = APu= BAu = BBu. If Au = Adu,
gk =[26] u{Tju{giu {9}
using (ii), we get
which tmplies fX © gX.
M (A, Adw, @, ht) zmin{M(Bu, BAu, a,t), Therafars fand g satisfy all the

M{AwBu,a ), M{AABA%G ) +  conditions of the above theorem which
Midd BAwa ), M(Buw a6 )] include of R-weakly commuting of type

= M(du, Adu, a, 1), (Ag) and (E.A) property and also x = 2 is

a contradiction. Hence, Au = Adu and the unique common fixed point.

Au = Adu = ABu = BAu = BBu. Hence The following result shows that the

_ ‘ common fixed point exists at point of
Au 15 a common fixed point of 4 and B. The _ o _ _
discontinuity in noncampatible maps with

case when AX is a complete subspace of X is relaxing the (E. &) property condition.

similar to the above case since 4X  EX.

Hence we have the theorem. Theorem 3.3 Let A and B be non
compatible point wise B-weakly commuting
Example 3.2 Let X = [2,20] and # be the
selfmaps of type (4,) of a fuzzy 2-metric
usual metric on (X, M,#).
space (X, M #) such that
Define f,g: X = X by

(1) AX < BX
Fx=2ifx=2arx>5fx=6if2«x=5
(i1) M{Ax,4v,a,it) =min{

pr=lifx=1gr=x+4iflax =5 M(Bx,By,a,t),
M{Azx Bx,a, 1), M{Ay, By.a,t),

_ 4x310
M{Ay,Bx,0,1), M{Ax, By, a.t)},

= Lf % 5.
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0= k< 1,t=0Ifthe range of Aor Bisa
complete subspace of X, then 4 and Z have

a unique common fixed point and the fixed
point is the point of discontinuity.

Proof : Since 4 and B are non-compatible

maps, there exists a sequence {x,,} in X such

that

L Ax, = tm Bx,=p for some
= N = W

nEX.

ftm

But either M(ABx,, BAxg at) £ 1
=+ W

or the limit does not exist.

Since p € AX and AX ¢ BX, there
exists some point % in X such that p = Bu

lim

where g = . mfﬁx If Au = Bu, the in

B

equality

M(Ax,.Au,a ht) = min{M(Bx,,Bu,a,t),
M A%y B e, ), MiAw Bu e t),
M{Aw, By, a, t), M{Axy, Bu, a,£)]
on letting +t =+ e yields
M (Bu, Au,a, ht) = M(Au, Bu, a,t).
Hence Au = Bu.
Since 4 and B are R-weakly

commuting of type (4.} , there exists & = 0

such that
M{AAw BAwa ht) = M{Aw Bua t/R) =1,

that 1s, Au = Bdu and
Adu = ABu= BAu= BBu. If Au = Adu,

using (il)we get

MiAw Al g ht) = min {M(Bw, BAua,t),
M{Au,Bu,a,£), M{Adu Edwat),
Mi{Au BAv a t), M{Bu ddua, )}

= M{Au, 4du, a,t),

a contradiction. Hence Au= 44du and

Au = Adu = ABu = FAu = BBu. Hence

Au 1s a common fixed point of 4 and B. The

case when AX is a complete subspace of X

is similar to the above case since 4X = BX.

Now we have to show that 4 and B

are discontinuous at the common fixed point

7 =Au = Bu. If possible suppose 4 is

continuous. Then there exists sequence {x,}
lim = dn =
such that we get o wﬁlﬁlxn = Ap = p. By

R-weakly commuting of type [Ag) implies

that
M{AAx, BA%, 6,8) = M{Ax, Bx, a t/R) =1

which on letting 1 = 2 this yields

ttrm = = .
o @ BAx,=Ap=p. This, in turn,

ttm,

yields e

M(ABx,, BAx at) =1

This contradicts the fact that

ltm

o o M(ABx,, BAx,.a,t) is either

nonzero or nonexistent for the sequence
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{x.} of (1). Hence A is discontinuous at the
fixed point. Next, suppose that E is

continuous. Then for the sequence {x,} of

(1), we get ﬂgiﬁw BAx, =Bp=yp and

ttm = P = -
. BEBx, = Bp=p. In view of these

limits, the inequality
M{Ax, ABx,, a ht) = min {M{Bx,, EBx, a t},

M{Ax, BBx, a t),}{4Bx BEx,. a t),
MiABx, Bx,.a t], M(Ax, BBx, 0, £}
= M(Ax, ABx_, at)

yields a contradiction unless

hmwfl Bx, = Ap = Bp. But

itm = tm =
o ABx,,= By and . oo B A%, = Bp

contradicts the fact that
tm

s o (AR BA%, 0,)

is either nonzero or nonexistent. Thus both

A and B are discontinuous at their common

fixed point. Hence we have the theorem.

Example 3.4

Let LetX =[Z,20] and M be the usual

fuzzy metric on (X, M,#).
Define f,g: X = X by

fx=2ifx=2arx>5fx=0Iifl<x=b

gr=21ifx=Z gx=8lfZ<x x5

gx=%tfx:h5.

Define M(x,y,t) = farallx,v€X

e
e (el
and t = 0.
where
d(x,y,7) = max {|x — 31, |y — 2, |z — =[}:

clearly f& < gX
Stucs fX = {2} U {6}

gX = [2.6] U {8}
Further f and g satisfy the condition
of pointwise R —weakly commuting of type
(Ag) and x = 2 is the unique common fixed
point of f and g.
Consider the Sequence
Ky ={5+>/nx 1}

tim — ltm -
Thenn_}mfx Zand _}mgxﬂ—z,

ftm - Lim =
ﬂ_}wfg.x 6 and o @ gfx, =2

lim
=

But M Ef‘.&'xﬁr&'fxﬁj ¢ L

Therefore f and g are non

compatible.
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