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= The non-trivial integral solutions of the ternary quadratic equation X +3xy +y =z are obtained. Some

§ interesting relations among the solutions are presented.
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Introduction

Ternary quadratic equations are rich in variety. For an extensive review of sizable literature and

various problems; one may refer [1-5]. In this communication, we consider yet another

. . . L2 2_ 4 o
interesting ternary quadratic equationX™ + 3xy + )" =Z and obtain infinitely many non-

trivial integral solutions. A few interesting relations between the solutions are presented.

Method of Analysis:
. .2 2 _ 4

The equation to be solved is X~ +3xy+ ™ =z (1)
Pattern: I
Setting

X=u+v

@
y=u-v

The equation (1) simplifies to
Sut-v' =z )
Equation (3) also takes the form

2 2
bt -V =7 i

The solufions satisfying (4) arc given by
u= p2 + q2
v=2p"+pg-¢’) o
2 =¢ +4pg-p’

In view of (5), the integral solutions of (1) are found to be

x:3p2 +2pq—q2

y=3¢-2pg-p’ ©)

=g +dpg-p*

Assume that

Equation (6) also takes the form

2 V)
g +4pg-p=a 0

(q+2p) =5p*+d’ ®)
The solutions of (8) are represented in the form
p=2rs

a=5"-s" )

q= 5245t —dis

In view of (9), equation (6) is seen to be

x=60r s +12rs” = 20r%" - (5;’2 + s2)2
4 4 22 3 3 (0
y=T15r" +3s" +90r°s” —140r°s - 28rs
)
z=5r"=s Observations:
1. Wheny = 4s,
(i) 2(y + 3xx) s a perfect number.

(ii) >+ 3x is represented by a quadratic number.
2

(ili) 3¢y +3x)1s @ nasty number.

2. Whens =2r,
(i) (y+3x)is a perfect square.
(ii) 6()) + 3x) is a nasty number.

(iif) 9(y +3x) is a quadratic number.,

3 4xs 0(mod4)
4. For the following choices of ¥ and s namely
0 r=p’+¢'s=2p"+pg=¢)
(i) r= P2 +Q2,S = 2(Q2 —PQ—Pz) the value of Z in each case is a

perfect square.
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For thesakeof simplicity and clearunderstanding afew mumerial example re given in 5. Whent =150, (22-43y+227) isa sty manbe,
4. xisa perfect square for the choices of pand g given by
Table .. elow: P=IR-Sg=10R S
Table: 1, 5. 2+ Xis a perfect square for e choices of pand ¢ given by
ros iy ) p=36R".g=60R 35"
[ 1] % A 1
1 3 128 —48 —4 1. L.E. Dickson, History of Theory of numbers, Vol.2, Chelsea Publishing Company, New
DL R B York, 1952
3 5 3200 —1200 20 2. L.J. Mordell, Diophantine Equations, Academic press, London, 1969.
S B/ A | R 3. Andre Weil, Nunber Theory: An approach through history: from hammurapi to
legendre / Andre weil: Boston (Birkahasuserboston, 1983.
4. Nigel P. Smart, The algorithmic Resolutions of Diophantine equations, Cambridge
university press, 1999,
Pattern; I1 5. Smith D.E History of mathematics vol.1 and 11, Dover publications, New York 1953.

Using completion of square, the equaton (1) reduces to
Qa2 =5 (1

Choose fwo non-zero nfegers and ¢/ such that

pldp-10)=g "
q(2x+3y+222):5py
Solving by the method of cross mulipiation, another chice ofsoluton of (1) s represented

1n the form as

v= (105 - o+ 24y
y=bput )
=105 -2}

Observations

1. Whent = a2, cachaf teexpressions 3214 3)- 222) md
15(2)( t 3}) + 222)is anasty number,
2 When! = 30!2, (lr-3y- 2Zz)is amsty mumber,
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