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The aim of this paper is to introduce the class STS_(a) (0 < a < 1) satisfying the condition.

are 22 ] La
g[ o) <
We study neighbourhoods of this class and also prove a necessary and sufficient condition in terms of convolution for a

function f to be STSs (o). Further more, it is shown that class STSs (a) is closed under convolution with function f which
are convex univalent in E.
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1. Introduction : Let 4 be the class of functions analytic in the unit

disk £ normalized by S (O) =f7(0) — 1 = 0 and let S denote the class

of univalent functions in 4 Let S7 (&) (O =< o < 1) denote the class of
functions in 4 that are starlike of order «, and let C1” denote the class of

convex functions. Then we have the classical analytic characterizations.

(1.1) _f‘eST(a)@Re{Z;V((ZZ))}>a, ze E

(1.2) _/'eCV@Re{1+Z-f::'(Z)}>o, ze F
(=)

Any f € A has the Taylor’s expansion f(z) =z + a2 z?> + ..... in £. The

convolution or Hadamard product of f(z) = z+ > a, =z and
n=2

g(z)=z+ i b,, z”" is defined as (f*g)(z)zz—o—i a, b, z" . Clearly
n=2 >

n=2

z
(-=z)?
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Strongly starlike and strongly convex functions were introduced and
discussed by D.A. Brannan and W.E. Kirwan [1] and also by Stankiewincz

[4] and [5]

The notion of ¢ - neighbourhood was introduced by St. Ruscheweyh

[2].

Definition 1.1. For 0> 0 the 0 - neighbourhood of /( z ) € 4 is define by

(13) Né(f)z{g(z)zergbn , z da b ga}

To prove our results we need the following lemma

Lemma A. [ 3] If #is a convex univalent function with ¢ (0) = ¢"(0) -1 in

the unit disk £ and g 1s starlike univalent in E, then for each analytic

(¢+Fg)(z)

function F in E, the image of E under ~—=" 1s a subset of the convex

(#*g)(z

hull of F (E)

Now we give the definition of STSs (at) as follows.
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Definition 1.2. A function f (z) 1s said to be in the class STSs(@) (0 < a<1)

if all z € E.
2zf '(z) ]
1.4 arg( <a”
9 -1l 7
f € STSs (o) means that the image of E under w= 2] . lies in the
(2)-1(-2)
region Q = larg w| < a 7/2, equivalently ) #t 072
fle)-1(-2)

teR

Now let us give a characterization for a function f € 4 to be in

STSs (@) by means of convolution.

Definition 1. 3 : Let STSs(a) be the class of all analytic functions defined in

E by

1 z , z
1.5 H(z)= : — e’ L teR.
( ) (Z) ]_teirzafr/Z {(]_Z)Z € (]—sz} €

Theorem 1.1. f € STSs () if and only if (/*H)(z) #0, z € E and for all

Z

H(z)eSTSs(w).
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Proof: Let us assume that -——2~~ (f*H)(z) # Othen for all H(z)e STS;(a) and

4
z € E, We have.
(f*H)(Z)_ ) 1 tian/2 *
T tm/zj[fm e ﬂ

I+ia7r/2 {Zf'(z)_teiiaﬂ/z(w)} ) 75 0, teR*

T =t 2

Equivalently % 21"’ Ast e R", ™7 covers the straight
zZ)—= —Z

line

arg w== (an/2)

B 2zf'(z) _
At z=0), )= 1, hence f € STSs(a).

Conversely let f € STSs (). Then (2 2 fotiar/?
f(z)=f(-2)

or equivalently

f() |:(1_ ) —te™"" (ﬁj}td for z#0
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Normalising the function within the brackets we get

(f*H)=) 0 in E where H ( z) is the function defined in (1.5 )

Z

Lemma 1.1. Let H(z)=z+ X ¢,z" e STS5(a). Then |c, [<
2

n=

js

sin oc%

Proof: 1et H(z)eSTS;(a ThenforteR"

] zZ tiarn/2 z j
H(z)= . —te”
( ) ]_teilaﬂ/2 {(I_Z)Z (]_ZZ :|

= ;[(z+222 +...)—(teii“”/2yz+23 +)]

1 _teiiaﬁ/Z

=z+ X ¢,z
n=2

Then comparing the coefficients on either side we get

-
n .
————— ,whenniseven
tiarn/2
1—te
Cn= < ‘
n _teizaﬂ/Z .
I when n 1s odd
I—te”
N
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Hence when 7z is even

e |2 _ n ’ _ n’
" 1— 0 %5 (1—zcos(ax/2)) +1t° sin’ (ar/?2)
n’ n’ —1+2tcos(arn/2)—1t’

=71+
(1—2ztcos(am/2)) +1¢° 1—2¢ cos(arm/2)+1¢°

n’ —1

1—2t cos(am/2)+1t’

t

< max|:] + :| (since 7> 0)

n’ —1 n’ — cos*(ax/2)

<7 —
N sin’(ar/ 2) sin’(ax/ 2)

n

Theref <— .
erefore |c,| sin(an/2)

When 7 is odd,

_ (n—zcos(ax/2)) +1 sin’(ar/?2)
(I —tcos(an/2)) +1t° sin’(ar/2)

. 2
tiar
|2 _|m—te 72

C = -
| ]_teiza%

n

_ (n2 —2ntcos(a7z/2))2 +1° 74 (n2 —1—2t(n —1)cos(a7r/2))

- (=2tcos(ar/2)) +7 (1 —2tcos(an/2))+1°
| o
<max|1+ 5
t 1-2t cos (ax2) +t¢
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(nz _]_Zt(n—l)cos(aﬂ/Z))’

incet >0
(1 — 2t cos(om/2))+t2 since ¢

<I+

<4 n’ -1 _ n’ —cos’(ar/2)
~ sin’(an/2) sin’(ar/2)

n

There fore |c,|< ——.
sinfar/ 2)

Lemma 1.2. For f € A and for every ¢ € C such that |¢ < o, if

Fi(z) = f(lzfr £ cSTS (a).
&

(f*H)(z)

z

Then for every H e STS;(a), >0,z€E.

Proof. Since F<(z) € STSs (a), by Theorem 1 M #0.

z

That 1s

(f*H)(2)

z

Uemeke: , ()2

20.
(]+ e)z z

#-¢&, thatis

Theoreml. 2. For f e Aand ¢ € C, |g < <1, assume F; (z )€ STSs (a).
Then

Ns(f) c STSs () where & = o' sin(anf2).
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l%mﬁﬂﬁtHeﬁmyq)mm5yu:z+%@fmmNﬂf)ﬂmn

(g*H)(z)

|z

Izi(f*H)(z)+((g—f)*H)(z)I

@—fﬂﬁ*H&w

N

by lemma 1.2

thus

o0
>6-|z| Z|c, ||b,~a,

‘(g*H)(Z)

S T
sin(arr/ 2)n=

by lemma 1.1

b}’l _an

5’

0—— =0 for &' =35sin(ar/2)
sinfarn/2)
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Thus (g*H)(z) #0 in E for all H e STS}(«) which means by Theoreml. 2,

z

g € STS(a ), 1n other words

Né‘sin(a’%)(f) c STSS (a)
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Lemma 1.3. If g € STSy() then G(z)= %g(_z) e STS(a) c ST(a).

Proof. Since g € STS, (a),ZL(Z) e 2, Now

glz)-g(-2)

(-2)g'(z)

2G(-z

+

2G'z) _ zg'(z)
)

G(z)  26(z

:é+% where ¢, and ¢, €2

2
=,
Since 21s convex ¢, € 2and hence %’(Z)) e 0 It can be easily seen that
Z
STS (o) c ST(@).

Thus G (z) € STS (a) c ST ().
Theorem 1.3. Let f € CVand g € STSs (). Then (f * g) (z) € STSs ().
anﬂLaf(z)ecxg(z)eSﬂ%(axG(z)=§E¥§£QamLQma

convex domain. Since g (z) € STSs (), G(z)= w eST (@), by
Lemma 1.3.

Hence by an application of Lemma A we get
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Af+2)(0)_(F+2)@)_ 7 6lz) o G

(F+G)z)  (F+6ka)  (1+G)()

Since 2 1s convex and g € STS; (). This proves that (f* g ) (z) € STSs

(@)
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