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é The aim of this paper is to introduce regular generalized M-fuzzy metric space and study the properties of topology induced by this
E metric.
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1.INTRODUCTION

In 1965, the concept of fuzzy sets was introduced by Zadeh [12].
Since then many authors have expansively developed the theory of
fuzzy sets and applications. Especially Kaleva and Seikkala [4],
Sedghi and Shobe [6], Kramosil and Michalek [5] have introduced
the concepts of fuzzy metric spaces in different ways. We
introduced generalized M-fuzzy mertic space [7]. The main
objective of this paper is to study the properties of topology
induced by this metric space.

2. Preliminaries

Definition 2.1.[7]

A 3-tuple (X, M, *) is called a generalized M-fuzzy metric space if X
is an arbitrary nonempty set,* is a continuous t-norm and M : X"
(0,00) > [0, 1], n 3 satisfying the following conditions, for each x,,
X1 -y X0 X, € Xandt, s> 0.

<1 Anr

0 M, x, .. x,t)>0

(i) M(x,, %, ..., x,t)="1forallt>0ifandonlyifx,=x,=... =X

(i) M(x,, X, ..., %, 1) = M( p (X, X, ..., X), t) where p is a
permutation function.

(iv) M(x,, X,, ..., X, t+S) M(X,, X,, ..., Xy, X, ) * M(X, X, ..., X, S)

V) M, X, ..., %, .):(0,0)—[0, 1]is continuous.

(vi) M(x,,%,, ... %, t)—>1Tast—oo.

Example 2.2.[7]

Let (X, M, *) be a modified fuzzy metric as in [3] which satisfy the
additional condition M(x, y, t)— 1 ast—oo. Define M(x,, X, ..., X,,
t) = M(Xu Xo t) * M(er X3, t) *Lx

M(x,,, X,, t) for every x,, X,, ..., X, € X. Then (X, M, *) is a generalized

n1r “Mnr

M-fuzzy metric space.
Example 2.3.[9]
Consider X=R. Let * be the product norm defined by a * b=ab.

t
t+‘x, —x2‘+---+‘x“ l—x"‘

Define M(x,, X,, ..., X,, 1) = Then (X, M, *)isa

generalized M-fuzzy metric space.

Example 2.4.[7]

Let (X, M, *) be a generalized M-fuzzy metric space and let x € X,
O<r<1,t>0wedefineB,(x,r,t)={y X/ My, ...,y,x,t)> 1r} called
open ball.

Definition 2.5.[7]

Let (X, M, *) be a generalized M-fuzzy metric space. A subset A of X
is said to be open if foreachx € AthereisaO<r<1,t>0such that
B,(x, 1, t)cA.

Theorem 2.6.[7]
Let (X, M, *) be a generalized M-fuzzy metric space. Then every
|

open ballisan open set.

Definition 2.7.[7]

A topology on a set X is a collection of subsets of X having the

following properties

(i) ¢andXareint

(i) The union of the elements of any subcollection of tisin 1.

(iii) The intersection of the elements of any finite subcollection of
isin.

A set X for which a topology has been specified is called a
topological space.

Theorem 2.8.[7]

Let (X, M, *) be a generalized M-fuzzy metric space. Thent,, = {A/
Ais open in X} is a topology on X called topology induced by M. We
call (X, t,) is a topological space induced by M.

Definition 2.9.[1]

Atopological space (X,t) is called a Hausdorff space if for each pair
X,, X,, of distinct points of X, there exists neighborhoods U, and U,
of x, and x, respectively that are disjoint.

Theorem 2.10. [7] Every generalized M-fuzzy metric space is a
Hausdorff space.

Definition 2.11.[7]

Let (X, M, *) be a generalized M-fuzzy metric space and let A and B
are disjoint closed subsets of X. Xis said to be normal space if there
exists disjoint open sets U and V such that Ac U, Bc V.

Theorem 2.12. [1]Every generalized M-fuzzy metric space is a
normal space.

3. Topology Induced by Regular Generalized M-fuzzy Metric
Space

Here we introduce regular generalized M-fuzzy metric space and
study the properties of topology induced by this metric.

Definition 3.1.
A generalized M-fuzzy metric space (X, M, *) is said to be a
regular generalized M-fuzzy metric space provided

(i) Xisa real or complexvector space
(i) M(x,+a, x,+a, ..., x.+a, t) = M(x,, x,, ..., X,, 1)
(iiR) MUX,, X, ..., X, [K[t) = MIG3e8).

Now we give an example which ensure the existence of a regular
generalized M-fuzzy metric space.

Example 3.2.
Let (X, M, *) be a generalized M-fuzzy metric space. Let X =R and
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define M(x,, %,, ..., X, )= du=xl
e ' .e !

Then (X, M, *)is aregular generalized M-fuzzy metric space.

Theorem 3.3.
Let (X, M, *) be aregular generalized M-fuzzy metric space.

Thenforallx,y e X,0<r<1andt>0. Wehavey+B,(x,r,1) =
B, (x+y, 1, 1).

Proof.
By our definition B,(x,r, t)={z € X; M(z, X, ..., X, t) > 1r}.
Nowy+B,(x, 1, t)={y+z M(z,X, ..., x, ) > 1r}.

As per our metric property, M(z, x, ..., x, 1) > 1rif and only if M(z+y,
X+Y, ..., x+y, 1) > 1rifand only if M(z+y, x+y, ..., x+y, 1) > 1r.

Thismeansthatz+y e B, (x+y,r,t)andsoy+B,(x,r, ) =B, (x+y,r,1).

Theorem 3.4.

Let (X, M, *) be a regular generalized M-fuzzy metric space.Then
the following hold

(I) fAisaopensetinXandy e Xtheny+Aisaopen set.

(i) IfAisaopensetinXandBcXthenA+Bisaopenset.

Proof.

(I) Suppose Aisaopenset. Thenforallx € AthereexistsO<r<1
andt>0suchthatB,(x,r,t)c A. SinceB,(x+y,r,t)=B,(x,r,1)
+vy, B, (x+y,r,t)cy+Aandsoy+Aisaopenset.

(i) ItisseenthatA+B={x+y;xe A, ye B}. Foranyy B. Since B
isaopenset, thereisaO<r<1andt>0suchthatB,(y,r,t)B.

Now x +B,(y, r,t)=B,(x+y,r,t)c A+Bforallx e A. Hence forany
Xx+y e A+B,theopensetB,(x+vy,r,t)cA+B. Thismeansthat A
+Bisaopenset.

Theorem 3.5.
Let (X, M, *) be a regular generalized M-fuzzy metric space. Then
B0, r, |k|t)=kB,[0, r, t) for all scalar k.

Proof.
We have

B0, 1, [klt)={z X:M(0,z, ...,z |kt]) > 1r}
={zeX: MO, £

Ly £y ) > 11}

=k{z e X: M0,

Ly ey £, t) > 11}
=k{yeX:M0,y,...,y,t)>1-1}
=kBu(0, 1, 1)

HenceB, (0, r, |k|t)=k B0, r, 1).

Theorem 3.6.
Let (X, M, *) be aregular generalized M-fuzzy metric space and x e X.
Then x +Bw(O, r, k| t) =k Bu(2, 1, ¥).

Proof.

By the above theorem
X+ BumO, 1, 1) =k [£+B,,(0,r,1)]

=kBu(%,r, 1)

Definition 3.7.

Let (X, M, *) be a regular generalized M-fuzzy metric space and A
< X. Then A'is called a neighborhood of a point x e X if there exist
B et,suchthatxe BCA.

Theorem 3.8.
Let (X, M, *) be a regular generalized M-fuzzy metric space. Let A
be a subset of X. Then A is a neighborhood of x if and only if B, (x,

r,t)c AforsomeO<r<1,t>0.
Proof.

Suppose A is a neighborhood of x. ThenthereisaO<r<1andt>0
such thatB,(x, r, t) c A.

Conversely, suppose B,(x, r, ) c A. Sincex € B,(x,r,t) c A, Aisa
neighborhood of x.

Theorem 3.9.
Let (X, M, *) be a regular generalized M-fuzzy metric space. If Aisa
neighborhood of x then kA is a neighborhood of kx for all scalar k.

Proof.

Let Abe aneighborhood of a pointx e X.

By definition, thereisaO<r<1andt>0suchthatB,(x,r, t) c A.
Thisimplies thatx +B,(0, r, t) Aandsokx+B,(0, r, |k|t) ckA.
i.e., Bykx, 1, [k|t) = kA.

Hence kA is a neighborhood of kx.

Theorem 3.10.

Let (X, M, *) be a regular generalized M-fuzzy metric space. If Ais
a neighborhood of a point x,. Then x, + A is a neighborhood of
origin 0.

Proof.

Since Ais a neighborhood of x,,

By definition thereisaO<r< 1andt>0suchthatB,(x, r,t)cA.
Thisimplies thatx, +B,,(0, r,t)c AandsoB,(0, r, ) = x, + A
Therefore x,+ Aisaneighborhood of origin

Theorem 3.11. Let (X, M, *) be a regular generalized M-fuzzy
metric space. Let A be the neighborhood of origin 0 and x, € X.
Then x,+ Ais a neighborhood of x,.

Proof.

Since Ais a neighborhood of origin

By definition, thereisaO<r<1andt>0suchthatB,(0,r,t)c A.
Thisimplies thatx,+B,,(0, r, t) = x, + A.

Thismeans thatB, (0, r, t) = x,+ A

Therefore x, + Ais a neighborhood of x,.

Theorem 3.12.
Let (X, M, *) be a regular generalized M-fuzzy metric space. Then
B,(0, r, 1) is a balanced set.

Proof.

Letk be ascalar such that|k| < 1

Nowk B, 0, r,t)=B,,0,r, |k|t)=B,(0,r, 1)
Therefore B, (0, r, t) is a balanced set.

Theorem 3.13.
Let (X, M, *) be aregular generalized M-fuzzy metric space and x e
X. ThenB,(x,r, t)isa convexset.

Proof.

Letx, x,e X,0<r<1andt, t,>0wehave

B (X, 1, t,)+B,(x, r,t)=x,+B,0,r,t)+x,+B,0,r,1t,)
Supposet,=kt, forsomek

X, +B,0,r,1)+x,+B,0,r kt,)

=X,+x,+B,(0,r,t)+kB,(0,r,1t,)
=X, +X%,+B,(0,r, (1+k)t,)
=X, +X%,+B,(0,r,t,+kt,)

=X, +%+B,0,r,t,+t,)

=B, (X, +X, I, t,+1,)

HenceB,(x,, I, t,) + B, (X,, I, t,) =B, (X, + X,, I, t, + 1,)
Letk € [0, 1]. Then

|
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KB,(0,r,)+(1K) B0, r, ) =B,(0, r, k) +B,(0, , (1K) 1)
=B,(0,r, kt+t kt)
=B,(0,r,1)

Hence B, (0, r, t)is a convex set.
Now forany x e X.

kB,(x,r,t)+(1k)B,(x, r, t) + k[x+ B,(0, r, )] + (1k) [x + B (O, r, 1)]
=kx+(1k)x+k B0, r,t)+(1k)B,(O, r, 1)
=x+B,0,r,1)
=B, (x,r1,1)

Therefore B, (x, r, t) is a convex set.

Theorem 3.14. Let (X, M, *) be a regular generalized M-fuzzy
metric space. Let A be an open set of X then k A is also a open set
in X for all scalars k.

Proof.
Nowk A={kx:x e A}. Letx A.

By definition, thereisaO<r<1andt>0suchthatB,(x,r,t)c A.
Now k B,(x, r,t)=B,(kx, 1, [k|t) ck A.
Hence k Aisaopensetin Xall scalark.
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