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§ In this paper a new class of generalized closed sets in topological spaces, namely generalized ab*-closed(briefly, gab*-
[ closed) set is introduced. We give some basic properties and various characterizations of gab*-open sets. Also we
g introduce gob*-neighbourhood in a topological spaces and investigate some basic properties.
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1.INTRODUCTION

In 1970, Levine introduced the class of generalized closed
sets.The notion of generalized closed sets has been extended
and studied exclusively in recent years by many topologists.
In 1996, Andrjivic gave a new type of generalized closed sets
in topological spaces called b-closed sets. Later in 2012
S.Muthuvel and P.Parimelazhagan introduced b*-closed sets
and investigated some of their properties.

In this paper,a new class of closed set called generalized ab*-
closed set is introduced. The notion of generalized ab*-
closed set and its different characterizations are given in this
paper. It has been proved that the class of generalized ab*-
closed set lies between the class of b-closed set and gb-
closedset.

2.Preliminaries

Throughout this paper (X, 1) represents a topological space on
which no separation axiom is assumed unless otherwise
mentioned. For a subset A of a topological space X, cl(A) and
int(A) denote the closure of A and the interior of A
respectively. (X, ) will be replaced by X if there is no changes
of confusion.We recall the following definitions and results.

Definition 2.1. Let (X, ) be a topological space. A subset A of
the space Xis said to be semi-open [9] if A cl(int(A)) and semi-
closed [3] ifint(cl(A)) A.

a-open [13]if Aint(cl(int(A))) and a-closed ifcl(int(cl(A))) A.
pre-open [14] if Aint(cl(A)) and pre-closed if cl(int(A)) A.

b-open [16] if ASint(cl(A))Ucl(int(A)) and b-closed if
int(cl(A))Ncl(int(A)) EA.

regular open if int(cl(A))=A and regular closed if
cl(int(A))=A.

m-open [4] if A is the union of regular open sets and m-closed if
A is the intersection of regular closed sets Definition 2.2. Let
(X, 1) be a topological space and A X.The b-closure (resp.pre-
closure, semi-closure, a-closure) of A,denoted by bcl(A) (resp
.pcl(A),scl(A), acl(A)) and is defined by the intersection of all
b-closed (resp. pre-closed, semi-closed, a-closed) sets
containing A.

Definition 2.3. Let (X, 1) be a topological space. A subset Aof
X is said to be generalized closed [8](briefly g-closed) if c1(A)
Uwhenever AUand Uisopenin (X,1).

generalized b-closed [2] (briefly gb-closed) if bcl(A) U
whenever AUandUisopenin (X, 1).
|

regular generalized closed [7] (briefly rg-closed) if cl(A) U
whenever AUand Uisregularopenin (X,1).

regular generalized b-closed [17](briefly rgb-closed) if
bcl(A) Uwhenever AU and Uisregular openin (X, 1).

generalized ob-closed [15](briefly gab-closed) if bcl(A) U
whenever AUandUis a-openin (X,1)

generalized pre-regular closed [20] (briefly gpr-closed) if
pcl(A) Uwhenever AUandUisrg-openin (X,1).

generalized p-closed (briefly gp-closed) if pcl(A) U
whenever AUandUisopenin (X,1).

o-generalized closed [10] (briefly oag-closed) if acl(A) U
whenever AUandUisanopenin (X, 1).

m-generalized b-closed [6](briefly mgb-closed) if bcl(A) U
whenever AUand Uism-openin (X, 7).

m-generalized pre-closed [6](briefly mgb-closed) if pcl(A) U
whenever AUand Uis m-openin (X, 1).

m-generalized semi-closed [6](briefly mgb-closed) if scl(A) U
whenever AUandUism-openin (X, 1).

weakly closed [19](briefly w-closed) if cl(A) & U whenever A
UandUisasemi-openin (X, 1).

weakly generalized closed [18] (briefly wg-closed) [2] if
cl(int(A)) Uwhenever AUandUisanopen in (X,1).

semi weakly generalized closed (briefly swg-closed) [] if
scl(A) Uwhenever AU and Uis anwg-open in (X,1).

w-closed [19] if c1(A) €U whenever A U and U is a semi-open
in(X,1).

w a-closed [3] if acl(A) EU whenever ASU and U is a w-open
in(X,1).

a-generalized closed [10](briefly a g-closed [2] if o cl(A) U
whenever AUand Uisopenin (X,1).

o- generalized regular closed (briefly o gr-closed [2] if acl(A)
Uwhenever AU and Uisregular openin (X, 1).

strongly b*-closed [21](briefly sb*-closed) if cl(int(A))) U
whenever A) Uand Uis b-openin (X, 1).
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The complements of the above mentioned closed sets are
their respective opensets.

Theorem 2.4.[21]For a topological space (X, 1),
Everyopensetisb*-open.

Every a-opensetis b*-open.

Every semi-opensetis b*-open.

Theorem 2.5.[22] For any subset A of a topological space (X, ),
sint (A)= ANcl(int(A))

pin(A)=ANint(cl(A))

scl (A)=AUint(cl(A))

pcl(A)=AUcl(int(A)).

Remark 2.6. Jankovic and Reilly pointed out that every
singleton {x} of a space X is either nowhere dense or pre-open.
This provides another decomposition X=X1UZX2, where
X1={xE€X/ {x} is nowhere dense} and X2={xEX/ {x} is pre-
open}.

Definition 2.7. The intersection of all gb-open sets containing
Aiscalled the gb-kernel of A and itis denoted by gb-ker(A).

Lemma 2.8.For any subset A of X,X2Ncl(A) gb-ker(A).
Remark 2.9.cl(X\A) =X\int(A)

3.Generalized sb*-closed set

Definition 3.1. A subset A of a topological space (X, 1) is called
a generalized ab*-closed set (briefly, gab*-closed) if acl(A) U
whenever AUand Uis b*-openin (X,1).

Theorem 3.2.For a topological space (X, 1),
Every closedsetis g ab*- closed.

Every o-closed setis gab*-closed.
Everyregular closedsetis g ab* -closed.
Everyt-closed setis g ab*- closed.

Proof:

Let Abe aclosed set.Let AU, U is b*-open in X. Since A is closed,
then cl(A)=AU.Butocl (A) cl(A).Thus we have acl (A) Uwhenever
AUandUisb*-open.Therefore,Aisagab*-closedset.

Let Abe aa-closed set.Let AU, Uis b*-open. Since A a-closed,
acl (A)=A U whenever AU and U is b*-open. Therefore,Ais g
ob*- closed set.

Let A be aregular closed set.Since every regular closed set is
closed.Then by (I),Ais gob*-closed set.

Let A be a m-closed set. Since every m-closed set is closed.
Thenby (I),Ais gob*-closed set.

Theorem 3.3.For a topological space (X, 1),
Every g ab*-closed setis gb-closed.
Every g ab*-closed setis gp-closed.
Every goab*-closedsetis gs-closed.
Every gob*-closed setis sg-closed.
Every gab* - closed setis rgb-closed.

Proof:

Let Abe a gab*-closed set.Let AU, Uis open. Since opensetis
b*-open, then U is b*-open. Since A is gab*-closed, acl(A) U.
But bcl(A) S acl(A). Thus, we have bel(A) U whenever AU and
Uis open.Therefore, A is gb-closed set.

Let Abeagob*-closedset.Let AU, Uis open.Since opensetis
b*-open, then Uis b*-open.Since A is g ab*- closed, acl (A) U.
But pcl(A) Sacl(A). Thus, we have pcl(A) U whenever AU and
Uis open.Therefore, A is gb-closed set.

Let Abe agob*-closed set.Let AU, Uis open. Since opensetis

b*-open, then U is b*-open. Since A is g ab*- closed, acl(A) U.
But scl(A) Sacl(A). Thus, we have scl(A) U whenever AU and
Uisopen.Therefore, Ais gs-closed set.

Let Abe agab*-closed set.Let AU, Uis semi-open.Since semi-
opensetisb*-open,then Uis b*-open.Since A is gab*-closed,
acl(A) U.But scl(A) Sacl(A).Thus, we have scl(A) U whenever
AUandUissemi-open.Therefore, Ais sg-closed set.

Let A be a goab*-closed set. Let A U, U is regular-open. Since
every regular open set is b*-open, then U is b*-open. Since A
is gob*-closed, acl(A) U. But bcl(A)Socl(A). Thus, we have
bcl(A) U whenever A U and U is regular-open. Therefore, A is
rgb-closed.

Theorem 3.4. For atopological space (X, 1),
1.Every g ab*-closed setis g ob- closed set.
2.Every g ab*- closed setis igb- closed set.
3.Every g ab*-closed setis TTgp-closed set.
4.Every gab* -closed setis1igs-closed set.

5.Every gab*- closedsetissgb-closed set.
6.Every g ab* -closed setis gpr-closed set.

Proof.

1. Let A be a g ab*- closed set. Let A U, U is a- open. Since
every a-open set is b*-open, then U is b*-open. Since A is
gab*-closed, acl(A) U. But bcl(A) Sacl(A).Thus, we have
bcl(A) U whenever A U and U is a-open. Therefore, Ais g
ab-closed.

2. Let A be a gob*-closed set. Let A U, U is m-open. Since
every T-open set is b*-open,then U is b*-open. Since A is
g ob*-closed, a cl(A) U. But bel(A) Sacl(A). Thus, we have
bcl(A) U whenever A U and U is m-open. Therefore, A is
mgb-closed.

3. Let A be a g ab*- closed set. Let A U, U is m-open. Since
every M-open set is b*-open,then U is b*-open. Since A is
gab*-closed, acl(A) U. But pcl(A) Socl(A). Thus, we have
pcl(A) U whenever A U and U is m-open. Therefore, A is
mgp-closed.

4. Let A be a gab*-closed set. Let A U, U is 1-open. Since
every T-open set is b*-open, then U is b*-open. Since A is
g ab*-closed, acl(A) U. But scl(A) Sacl(A). Thus, we have
scl(A) U whenever A U and U is m-open. Therefore, A is
mgs-closed.

5. Let Abeagob*-closed set.Let AU, U is semi-open. Since
every semi- open set is b*-open, then U is b*-open. Since
A is gab*-closed, acl(A) U. But bcl(A)Socl(A). Thus, we
have bcl(A) U whenever A U and U is semi-open.
Therefore, Ais sgb-closed.

6. Let A be a g ab*- closed set. Let A U, U is regular-open.
Since every regular open set is b*-open, then U is b*-
open.Since A is gob*-closed, acl(A) U.But pcl(A) Sacl(A).
Thus, we have pcl(A) U whenever A U and U is regular-
open.Therefore, A is gpr-closed.

Remark 3.5. The reverse implications of the above theorems
neednotbe true which is shown in the following examples.

Example 3.6. Let X= {a,b,c,d} with = {¢, X, {a},

{C} {a,c}{c,d}.{a,c,d},{a,b,c}}.
gob*-closed sets in (X, 1) are ¢, X, {b}, {d}, {a,b}, {b,d},
{a,b,d},{b,c,d}.

2. regular-closedsetsin (X,1) are ¢,X,{a,b},{b,c,d}.

m-closed setsin (X, 1) are ¢, X, {b},{a,b},{b,c,d}.

4. sg-closedsetsin (X, 1) are ¢,X, {b},{d}, {a,b}, {b,d},{a,b,d},
{b,c,d}.

5. gb-closed sets in (X, 1) are ¢, X,{a},{b},{d},{a,b}, {a,d},
{b,d},{c,d},{a,b,d},{b,c,d}.

6. gs-closed sets in (X, 1) are ¢, X,{a},{b},{d}, {a,b}, {a,d},
{b,d},{c,d},{a,b,d},{b,c,d}.

|
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1. gpr-closed sets in (X, 1) are ¢, X, {b}, {d}, {a,b}, {a,c}, {a,d},
{b,c},{b,d},{a,b,c},{a,c,d},{a,b,d},{b,c,d}.

8. mgp-closed sets in (X, 1) are ¢, X, {b}, {d}, {a,b}, {a,c}, {a,d},
{b,c},{b,d},{a,b,c},{a,c,d},{a,b,d},{b,c,d}.

Example 3.7. Let X={a, b, c, d} with 1= {¢, X, {a}, {b},{a,b}, {b,c},

{b,c,d},{a,b,c}}.

1. goab*-closed sets in (X, 1) are ¢, X, {a}, {c}, {d}, {a,c}, {a,d},
{c,d},{a,c,d},{b,c,d}.

2. closed sets in (X, 1) are ¢, X, {a},{d}, {a,d}, {c,d},
{a,c,d},{b,c,d}.

3. sg b-closed sets in (X, 1) are ¢, X, {a}, {c}, {d}, {a,c}, {a,d},
{b,c},{c,d},{a,c,d},{b,c,d}.

4. rgb-closedsetsin (X, 1) are ¢, X,{a},{b},{c},{d},{a,b},{a,c},
{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d}.

5. gob -closed sets in (X, 1) are ¢, X, {a}, {c}, {d}, {a,c}, {a,d},
{b,c},{c,d},{a,c,d},{b,c,d}.

6. gp-closedsetsin (X,1) are ¢,X,{a},{c},{d},{a,c},{a,d},{b,d},
{c,d},{a,b,d},{a,c,d},{b,c,d}.

1. g-closed sets in (X, 1) are ¢, X, {a}, {d}, {a,d}, {b,d},
{c,d},{a,b,d},{a,c,d},{b,c,d}.

8. rg-closed sets in (X, 1) are ¢, X, {a}, {d},{a,b} {a,c}, {a,d},
{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d}.

9. mgs-closed sets in (X,1) are ¢, X, {a},{b}, {c}, {d}, {a,c},{a,d},
{b,c},{b,d},{c,d},{a,b,d},{a,c,d},{b,c,d}.

10. nigp-closed sets in (X, 1) are ¢, X, {a}, {c}, {d}, {a,c}, {a,d},
{b,c},{b,d},{c,d},{a,b,d},{a,c,d},{b,c,d}.

11. ngb-closed setsin (X, 1) are ¢,X, {a},{b},{c},{d},{a,c},{a,d},
{b,c},{b,d},{c,d},{a,b,d},{a,c,d},{b,c,d}.

Remark 3.8. The gab*-closed sets are independent from ag-
closed set, g-closed set,rg-closed set, wg-closed set, swg-
closedset

Remark 3.9. From the above results, we have the
following implications diagrams.

| a-closed || mgs-closed |

m-closed
gpr-closed

gab*-closed

A

gh-closed ap-closed gab-closed

gab*-closed

I

wg-closed

rg-closed

4.Characterization
Theorem 4.1. If a set A is gab*-closed in (X,1), then acl(A)\A
contains no non empty b*-closedsetsin (X, ).

Proof:

Let F be a b*-closed subset of X such that F acl(A)\A.Then F
ocl(A)I(X\A).That implies, F acl(A) and F (X\A). Then A X\F
and X\Fis b*-openin (X, 1).Since A is gob*-closed in X, acl(A)
X\F, F X\ocl(A). Thus F acl(A)N(X\acl(A))= ¢. Hence acl(A)\A
does not contain any non-empty b*-closed sets.

Theorem 4.2. If a subset A is gob*-closed setin (X,7) and AB
acl(A),thenBisalso agob*-closed set.

Proof: Let A be a g ab*- closed set and B be any subset of X
such that A B o cl(A). Let U be b*-open in (X, 1) such that B U.
Then AU. Also since A is g ab*- closed, acl(A) U.Since B acl(A),
acl(B) a cl (acl(A))=acl(A) U.This implies, ocl(B) U.Thus B is a
gab*-closed set.

|

Definition 4.3. Let (X, 1) be a topological space and Y be a
subspace of X.Then the subset A of Y isb*-openinY if A=G[Y,
where Gisb*-openinX.

Theorem 4.4. Let ASYSX and suppose that A is gob*-closed
inX then Ais gob*-closed relative toY.

Proof: Giventhat A €Y & X and Aisa gob*-closed setin X.To
prove that A is gab*-closed set relative toY. Let us assume that
ASYNU,where Uis b*-openinX.Since A is gab*-closed setin
X, then acl(A)EU. That implies YNocl(A)EYNU, where
YNocl(A) is the a-closure of A inY and YNU is b*-open in Y.
Therefore acl(A)SYNU in Y. Hence, A is gob*-closed set
relative toY.

Theorem 4.5. Let Abe any g ab*- closed setin (X,7).Then Ais
a-closedin (X, 1) iff acl(A)\A is b*-closed.

Proof: Necessity: Since A is o-closed set in (X, 1), acl(A)=A.
Then acl(A)\A= ¢,whichis a b*-closed setin (X,1).Sufficiency:
Since A is gab*-closed set in (X, 1), by Theorem 4.1, acl(A)\A
does not contains any non-empty b*-closed set. Therefore,
acl(A)\A=¢.Hence acl(A)=A.Thus Ais o-closed setin (X,1).

Theorem 4.6. For every element x in a space X, X—{x} is gab*-
closed or b*-open.

Proof: Case (I): Suppose X—{x} is not b*-open. Then X is the
only b*-open set containing X—{x}. This implies acl(X—{x}) EX.
Hence X—{x}is gob*-closed.

case (ii): Suppose X—{x} is not gab*-closed.Then there exists a
b*-open set U containing X—{x} such that acl(X—{x}) does not
contained in U. Now acl(X—{x}) is either X—{x} or X. If
acl(X—{x})=X—{x}, then X—{x} is a-closed. Since every a-closed
set is gab*-closed, X—{x} is gab*-closed, which is a
contradiction. Therefore ocl(X—{x})=X. To prove that, X—{x} is
b*-open. Suppose not.Then by case (i), X—{x} is g ab*-closed.
There is a contradiction to our assumption. Hence X—{x} is b*-
open.

Theorem 4.1. If A is both b*-open and gob*-closed set in X,
then Ais o-closed set

Proof: Since A is b*-open and gab*-closed in X, acl(A) EA.
But always ASacl(A). Therefore, A=acl(A). Hence A is a o-
closedset.

Definition 4.8.The intersection of all b*-open sets containing
Ais called the b*-kernel of A and it is denoted by b*-ker(A).

Theorem 4.9. A subset A of X is gub*-closed iff acl(A) Eb*-
ker(A).

Proof: Necessity: Let A be a g ab*- closed subset of X and
x€acl(A). Suppose x¢b*-ker(A). Then there exists a b*-open

set U containing A such that x¢U. Since A is gob*-closed set,

then acl(A)EU. This implies that, x¢acl(A), which is a
contradiction to xEacl(A).Therefore acl(A) Eb*-ker(A).

Sufficiency: Suppose acl(A) Eb*-ker(A).If U is any b*-open

set containing A, then b*-ker(A) SU. That implies, acl(A) SU.
Hence Aisgob*-closedinX.

Remark 4.10.For any subset A of X, gb-ker(A) Eb*-ker(A).
Theorem 4.11. For any subset A of X,X2Nocl(A) Eb*-ker(A).

Proof: Since acl(A) Scl(A), then X2Nacl(A) SX2(Icl(A). Then
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by Lemma 2.8 and Remark 4.10,X2Nocl(A) Eb*-ker(A).

Theorem 4.12. A subset A of X is gob*-closed if and only if
X1Nacl(R)EA.

Proof: Necessity: Suppose that A is gab*-closed and
xE€XI1Nacl(A). Then xE€X1 and x€ocl(A). Since xEX1, then
int(cl({x}))=¢. That implies, cl(int(cl({x})))=@. Therefore {x} is
a-closed.Then {x}is b*-closed.If x does not belongs to A, then
U=X—{x}is a b*-open set containing A and so acl(A) EU.Since
x€ocl(A), xEU. This is a contradiction to x not in U. Hence
X1Nocl(A)EA.

Sufficiency: Let X1Nacl(A) EA. Then X1Nacl(A) Eb*-ker(A).
Now, acl(A)= XNocl(A)=(X1UX2) Nacl(A) = (X1Nacl(A)) U
(X2Nacl(A)) Sb*-ker(A). Then by Theorem 4.9, A is gab*-
closed.

Remark 4.13. Union of any two gob*-closed sets in (X, 1) is
also agab*-closed set’

Proof. Let A and B be two gab*-closed sets in a topological
space (X, 7). Let U be any b*-open set containing AUB. Then
ACSUand BEU.Since A and B are gab*-closed sets, acl(A) U
and acl(B) EU. Now, acl(AUB)= acl(A) U ocl(B) SU and hence
AUBisgab*-closed set.

Theorem 4.14. Arbitrary intersection of gab*-closed sets is
gab*-closed.

Proof. Let {Ai} be the collection of gab*-closed sets of X. Let
A=NAi. Since ASAi, for each i, then acl(A)Eacl(Ai). That
implies, X1Nocl(A)EX1Nacl(Ai). Since each Ai is gob*-
closed, then by Theorem 4.12,X1Nacl(Ai) EAi, for eachi.Now,
X1Nacl(A)= X1Nacl(NAi) ENX1Nacl(Ai)) ENAiI=A. Again by
Theorem4.12,Ais gob*-closed.

Remark 4.15. The set of all gob*-closed sets in a topological
space X,formatopologyonX.

Theorem 4.16.Let Abe agab*-closedinX.Then

1. sint(A)is gab*-closed.

2. If Aisregular open,then pint(A) and scl(A) are also gab*-
closed.

3. IfAisregularclosed,thenpcl(A) isalso gab*-closed.

Proof:Let Abe agob*-closed set of X.

1. Since cl(int(A)) is closed, then by Theorem 3.2, cl(int(A))
isgob*-closed,sint(A) is closed.

2. Suppose A is regular open, then int(cl(A))=A. By Lemma
2.8,scl(A)=A.Since A is gab*-closed, then scl(A) is gob*-
closed.Similarly pint(A) is gob*-closed.

3. Suppose Aisregular closed,cl(int(A))=A.Then by Lemma
2.5,pcl(A)=A,and hence goab*-closed.

5.Generalized cb*-open

Definition 5.1. A subset A of (X, 1) is said be generalized ab*-
open (briefly gob*-open) set if its complement X\A is gab*-
closed in X.The family of all gob*-open sets in X is denoted by
gob*-0O(X).

Theorem 5.2.Let (X, 1) be a topological space and ASX. Then
A is a gab*-open if and only if FSaint(A), whenever FEA and
Fisb*-closed.

Proof: Necessity: Let A be a gab*-open set in (X, 7). Let FEA
and F is b*-closed. Then X\A is gab*-closed and it is
contained in the b*-open set X\F. Therefore acl(X\A) EX\F.
Thisimplies that X\aint(A) & X\F.Hence F< aint(A).

Sufficiency: If F is b*-closed set such that FSaint(A
whenever FEA. It follows that X\AS X\ F and X\aint(A) EX\F
Therefore acl(X\A) EX\ F. Hence X\A is gob*-closed and
hence Aisgob*-open.

Theorem 5.3. If a set A is gab*-open and BEX such tha
aint(A) EBEA, then Bis gob*-open.

Proof: If o int(A) EBEA then, X\ASX\BEX\aint(A). That is
X\ASX\BES acl(X\A).Since X\Ais gab*-closed, then by

Theorem 2.2,X\Bis gab*-closed and hence Bis gab*-open.

Theorem 5.4.1fa subset A is gab*-openinX and G is b*-oper
inXwith aint(A) U X\G) & G thenX=G.

Proof: Suppose that G is b*-open and aint(A)U (X\G)E G
This implies, X\G S (X\aint(A)) JA=acl(X\A)\(X\A).Since X\A
is gab*-closed and X\G is b*-closed, then by Theorem 4.1
X\G=¢.Hence X=GC.

Remark 5.5. Union of gob*-open sets is gob*-open in 3
topological space X.

Remark 5.6. Intersection of g ab*-open sets is also a g ab*
openinX.

Theorem 5.7. If B is g ab*-open and aint(B) A, then ANB ig
gab*-open.

Proof: Suppose B is goab*-open and aint(B)EA. Ther
aint(ANB) SANBSB.ByTheorem 5.3, ANBis gob*-open.

6.g ab*-neighbourhood

Definition 6.1. Let X be a topological space and let x€X. A
subset N of X is said to be a gab*-neighbourhood (shortly,
gab*-nbhd) of x if there exsits a gab*-open set U such tha
x€EUCEN.

Definition 6.2. A subset N of a space X, is called a gab*-nbhd
of ASXif there exists an gob*-open set Usuch that ASUEN.

Theorem 6.3. Every nbhd N of xEXisa gob*-nbhd of x.

Proof:Let N be anbhd of point x€ X.Then there exists an oper)
setUsuchthat x€UCN.Since every opensetis g ab*-open,Uis
a gob*-open set such that xEUSN. This implies, N is a gab*
nbhd of x.

Remark 6.4. The converse of the above theorem need not be
true which is shown in the following example.

Example 6.6. Let X = {a, b, ¢, d} with topology t = {¢, {a},{b}
{a,b},{b,c},{a,b,c},{b,c,d} X}. In this topological space (X, 1)
gob*-O(X) = {¢,{a}, {b},{a, b}, {b, c},{b, d},{a,b,c},{a, b,d},{b, ¢
d}}. The set {b,d} is the gab*-nbhd of d, since {b,d} is gab*-
open set such that d € {b,d}< {b, d}. However, the set {b, d} is
notanbhd of the point d.

Remark 6.1. Every gab*-open set is a gab*-nbhd of each o
its points.

Theorem 6.8. If F is a goab*-closed subset of X and xEX\F
thenthere exists a g ab*-nbhd N of x such that NNF=¢

Proof: Let F be gab*-closed subset of X and x € X\F.Then X\H
is gob*-open set of X. By Theorem, X\F contains a gab*-nbhd
of each of its points. Hence there exists a gab*-nbhd N of x
such that NS X\F.Hence NNF=¢.

e
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Definition 6.9. The collection of all gab*-neighborhoods of
x€X is called the gab*-neighborhood system of x and is
denoted by gab*-N(x).

Theorem 6.10. Let (X, 1) be a topological space and x € X.

Then

(I) gab*-N(x)#¢ and xEeach member of gob*-N(x)

(i) IfN € gab*-N(x) andN C M, thenM € gab*-N(x).

(iii) Each member N €gob*-N(x) is a superset of a member
Gegob*-N(x) where G isa gab*-open set.

Proof:

(i) Since Xis gab*-open set containing x, it is a gob*-nbhd of
every x€X. Thus for each x€X, there exists atleast one
gob*-nbhd, namely X. Therefore, gub*-N(x)#¢. Let
Negab*-N(x). Then N is a g ab*- nbhd of x. Hence there
exists a g ob*-open set G such that xcG C N,so x € N.
Therefore xEevery member N of gab*-N(x).

(ii) IfN €gob*-N(x), then there is a gob*-open set G such that
x€GCN.Since NCM, M is gab*-nbhd of x. Hence Mcgab*-
N(x).

(iii) Let Negob*-N(x). Then there is a gab*-open set G, such
that x € GCN. Since G is gab*-open and x<G, G is gab*-
nbhd of x. Therefore Gegob*-N(x) and also GEN.
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