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Q |LetGbea (p,9) graph. Let V(G)and E(G) denote the vertex set and edge set of G respectively. A centered hexagonal
§ gracefullabeling of a graph is an one to one function s :#@)-0.1.2...0,}thatinduces a bijection s:£@)-{p,.p.....n,} of the edges
EH | of definedby r@-|tw-se}ve-werc) .The graph which admits such alabeling is called a centered hexagonal graceful graph.
3 In this paper,we prove that n-star graph is a centered hexagonal graceful graph.
4

1. INTRODUCTIONAND DEFINITIONS

The graphs considered in this paper are finite, undirected and without
loops or multiple edges. Let G=(,£) bea graph with p vertices and q
edges. Terms not defined here are used in the sense of Harary [2]. For
number theoretic terminology [1] is followed.

A graph labeling is an assignment of integers to the vertices or the
edges or both subject to certain conditions. If the domain of the
mapping is the set of vertices (edges/both) then the labeling is called a
vertex (edge/ total) labeling.

There are several types of graph labeling and a detailed survey is found
in [3]. In 1967, Rosa [5] presented four hierarchically related labeling
of graphs,which he named o, ,c and p valuations. In 1972 -
valuation had been called graceful labeling by Golomb [4]. Ramesh
and Syed Ali Nisaya [6] introduced some more polygonal graceful
labeling of path .

Definition 1.1: The star graph K , of order #n+1 is a tree on n edges with
one vertex having degree » and other vertices having degree 1.

Definition 1.2: The —star G is the disjoint union of &, K., .-k, where
a,,a,,...,a, arepositive integersand X, isastaroflength @ for 1<i<n
Wedenoteitby K,, v K,, v..uK,, HereGhas a, +a,+...+a,+n
verticesand a, +a, +..+a, edges.

Definition 1.3: Let G bea (p,q) graph.Letr(G) E(G) denote the
vertex setand the edge setof Grespectively. A one to one function

£V (G)—{0,1,2,...q} is called a graceful labeling of G ifthe induced
edge labeling /" :E(G)-{1.2....q} definedby £ (e)=|/)—/(V), foreachedge e=uw
of Gisalsoonetoone.A graph Gpossessing graceful labeling is called
agraceful graph.

Definition 1.4: A centered hexagonal number is a centered figurate
number that represents a hexagon with a dot in the center and all other
dots surrounding the center in successive hexagonal layers. The 7"
centered hexagonal number is foundtobe D, =n’ —(n-1)* =3n(n-1)+1
The first few centered hexagonal numbers are 1,7,19,37, 61,91, 127,
169,217,271,331,397 etc.

Definition 1.5: A centered hexagonal graceful labeling of a graph G is
anone to one function /:V(G)- {0.1.2,...D,} thatinducesabijection
17:E6)>{.0.....0, } of the edges of G defined by /(@ =|fw)-f().Ve=uveEG)
The graph which admits such a labeling is called a centered hexagonal
graceful graph.

2.MAINRESULTS
Now, we prove that the n-star is a centered hexagonal graceful graph.
First, we prove the following three lemmas.

Lemma 2.1: The star graphnK,, is a centered hexagonal graceful
graph forall 1>n.

Proof: Note that the graph «,, has (n+1) vertices and » edges. LetU
|

be the unique vertex in one partition of X, , and #;,U,,...,u, bethen

vertices in the other.

n
Define f:V(K,,)—>{0,1,2,.., D, }as follows.

=0

f(u,)=3i* =3i+1 where 1<i<n

Clearly f* is one to one and the edge values are D;,D,.....D, . Hence K, is a centered

hexagonal graceful graph.

Lemma 2.2: The 2-star graph is a centered hexagonal graceful graph
Proof: Let G=(V.E)bea 2-star K,, w K, forall a,.a, 21 with the vertex set

V=i“m~"mv“n-“n--v--u;q -un.u;;...,u:qi and the edge set

E={u1° M‘J:ISjSa,} v Il":o“:ﬁlsjs“:)l- Then G has a, +a, + 2 vertices and
a, +a, edges. Take a, +a, =m .

Define /:7(G)—>{0.1,2.....0,,} as follows.

f(u,c)=l—1,whe1e i=12

f('ﬁ, )= 3(m* - 2mj + 2 +m—j)+l,whcu 1< j<a

f(llzj]=3lm: 72“""72]'"*“1: +2aj+j +m-aq *j)*l.where 1< j<a,

We shall prove that G admits centered hexagonal graceful labeling. From the definition, it is clear that

max f(v)is D, andalso f(¥)€{0,12.....D, }
)

Also from the definition, all the vertices of G have different labeling. Hence f is one to one.

It remains to show that the edge values are of the form {D},D;.....D,,} -

The induced edge function f “:E(G)—>{D,.D,.....D,} is defined as follows

=
1 Qg )= 30m* = 2mj+ j7 +m—j)+1, where 1< j<q,
£ (uguy,)=30m* —2a,m—2jm +a,} +2a,j+ j* +m—a, - j)+1 , where 1< j<a,

Clearly f~ isabijection and f (E(G))= {Dl.D:....,D,,,} Therefore G admits centered hexagonal graceful

labeling. Hence the graph 2-star K,, u K, forall a,.a, >1is a centered hexagonal graceful graph.

Lemma 2.3: The 3-star graphisa centered hexagonal graceful graph.
Proof: Let G=(V.E) bea3-star K,, w K,, wK,, forall @.a,.a,>1 with the
vertex set and the edge set respectively.

|
V =ltyo 214y, .14 Uy Uy Uy L. Usg oty U us,, | and

E=luouy, <a,j. Then G has

@ +a,+a,+3 vertices and @, +a, +a; edges. Takea, +a,+a; =m .
Define f:¥(G)—>{0.1.2.....D, } as follows.

S (1 )=i—1. where =123
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Also from the definition, all the vertices of G have different labeling. Hence f is one to one.

It remains to show that the edge values are of the form (D,.D,....D,} . The induced edge function

£ :E(G)>{D,.D,....D,} is defined as follows.

F gt )= 3{nr = 2mj+ 2 +m—j)+1, where 1< j<a,

f '(u20u2,)=3(m3 —2am-2jm+a’ +2a,j+j +m—a; - j)+1, where 1< j<a,
f*(u;ou;1)=3(m: —2m(a,+a,)-2jm+a’ +a +2aa,+2j(a+a)+j +m—(a +az)—j)+2,
where 1< j<a;

Clearly /"~ isabijectionand f~ (E(G))= {D.D;.....D,}. Therefore G admits centered hexagonal graceful
labeling. Hence the graph 3-star K, U K,, UK,, forall a.a;.a;21 is acentered hexagonal graceful

graph.

Theorem 2.4: The n- star graph is a centered hexagonal graceful
graph.
Proof: Let G=(V,E)bea n-star K, U Ky, U..UK,, forall a.a;...a, 21 with

the vertex set and the edge set respectively.

E={umu,j:ISjSa‘}u{itmull.:lsta:}u...u{u,‘ou,v:ISjSan}. Then G has
@ +a, +...+ a,+n vertices and @, +a, +...+a, edges. Takea, +a, +...+a, =m

Define f :V(G)—{0,12,..., D, }as follows.

flug)=i-1, where 1<i<n
f(u14)= 3(m: -2mj+ j° +m-j‘)+1 . where 1< j<aq,
f(u:/)=3(;t1: —2am-2jm+a; +2a,j+  +m—a,— j)+2 , where 1< j<a,

f(ju;):S{’m: —2m(a +a,) —2jm+a‘2 +a_.: +2aa,+2j(a +a:)+j: +m—(aq +a})—j’)+3 . where

1<j<a; andsoon

/
m=2m(a +ay+ ..+ ay ) =2 jmt(a +a +a,))

Flug)=3 +2j(@+a,+.+a,)+  +m—(a+a+..+a,) [+n

\~s+2aa +ag +..+ ag, )+ (@0 +..+aa, ]

We shall prove that G admits centered hexagonal graceful labeling. From the definition, it is clear that
max f() is Dy andalso f®e{012...D,}.

Also from the definition, all the vertices of G have different labeling. Hence f is one to one.
It remains to show that the edge values are of the form {D,, D,..., D, } .
The induced edge function f *:E(G)—{D,.D,,.... D, } is defined as follows.
£ b, )=30m = 2mi+ 72+ m=j)+1, where 1< j<a,
£ s, )= 32~ 2am=2jm+a’ +2a+ 2+ m-a,— j)+1 , where 1< <a;
f‘("sc“s,-)= 3(’m: —2m(a +a2)—2jm+a,2 +a,2 +2aa, +2j(a +a2)+j:+m—(al+a1)—j)+3
., where 1< j<a; andsoon.
mt = 2m(a +ay+..+a,,) -2 jm+ (4’ +a +a, )
r (unou,y):3 +2j(a +ay tota, )+ rm—(ag+a+ta,)-j+ [+(m-1)
Haa +aa+...+aa, )+ (aa +..+ aa,, )]
Clearly f is a bijection ahd [ (E(G)) = {Dl,Dl,...,Dm}. Therefore G admits centered

hexagonal graceful labeling. Hence the graph n-star K, UK, U..UK;, forall

a,,a,,...,a,>1 is a centered hexagonal graceful graph.
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