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B | Linear algebra is the branch of algebra in which we study vector spaces, linear dependence and independence,
O | dimension, subspaces, and linear transformations. A linear transformation between two vector spaces is a rule that
ﬁ assigns a vector in one space to a vector in the other space. This paper is a study of the properties of a linear
B+ | transformation.
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Introduction: Linear transformationis also called aslinear
Let F be a field and V be a non empty set defined under two map or linear operator.
binary operations addition and scalar multiplication, thenV is
said to ba a vector space if the following axioms are satisfied. Theorem : A mapping T:U 1V, from a vector space U(F)in to

V(F)isalinear transformation iff
1. Visanabelian group under addition,ie

o BEVat+BeEV

(a+B)+y=at+t(B+y)VaByeV
VEeEV3a+0=04+a=ua

Ty + c;B) = ¢, T(a) +
caT(B), ¥y, c; € FandVa, BEU

Proof:Suppose T:U[V isalinear

Yo €V, 3 — a € Vsuch that transformation ,then
at(—a)=(—a)+a=20 T(cya +c2B) = T(cia) + T(c,B)
at+B=F+avVe eV =, T(at) + c, T(R)

Ve, EFa,BEU
2.a€E[|EVimpliesa[]€V,VacF

Conversely,
afa+p)=act+af,vaceFand a feV

(a+bla=aa+bavabeEFandaeV EECIS ZC;B; gélg(u) +<T(B)
(ab) a = a(ba)va,b € Fanda eV pes

In particular,¢; = 1,¢c, = 1,
J1 € Fsuchthatla=al=aVa eV we gt T(a 4 B) — T(a) + T(8),

Again, let c; = 0, we get

Definition: T(ey @) =, T(a),

A non-empty sub set w of a vector space V over a field F is = Tisalinear transformation.

called a subspace of V if w itself is a vector space over F under . . .

the same operations of addition and scalar multiplication as Properties of linear tran.sformatlon: .
defined inV Zero space and vector spaceV are subspaces of V THEOREM: HT-ULV lineartransformationthen
over F and are called improper subspaces or trivial a) T(0) = 0',where 0 and 0'

subspaces of V, all other subspaces of V are called proper are zero vectors of U and V respectively

subspaces of V.

b) T(—a)=-T(a),Va €U

Theorem: A non-empty subset w of a vector space V over a

c) T(cyety + oty + v e FCp 0y ) =
field Fis a sub space of Vif

e T(ety) + e T(en) + e
e, T(ety)

i)Wo,pEw, thena+pfEw

d) T(a—pB)=T(a)—T(B)

if)c e Fand a € w,thenc.a € w

Proof:
Theorem: A non-empty sub set w is a sub space of a vector @) Leta €U
spaceV over Fiff T(et+ 0) = T() + T(0)
aa+tbfEwW Va,fEWanda,bEF = T(a) = T(a) + T(0)

= T(a ' =T(a
Linear transformations: Tl 07 =T +7(0)

Let U and V be two vector spaces over the same field F, the = 0" = T(0), by left cancellation law

mapping T:U[ ' Vissaid tobealinear transformation if, b) consider T[o(o)]=T(@}T(w)

T{e+ ) =T(a) + T(B). Ve, fEU T(0) = T(a) + T(~x)

T(c T(cax)=cT(a),YcEFVYaeU 0'=T(«) + T(—«)
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T(c) is additive inverse of T(—w)

T(—a) = =T(a)
c) We shall prove the result by mathematic
induction

Let P(n): T(c o, + cotty + oo oo Fopoe,)

=, Ty ) + e Tle) + o + ey Tlag)
Now P(1): T(c,a,) = ¢, T, )[T is linear]
= P(1)istrue

Let us assume that the result is true for
some positive integer k

P(k): Tleyo, + catty + v e e e Fopy)
=, T(o, )+ caTla,) + o+ o Tl

Now we prove that the result is true for n
=k+1

Tlcyory + Cotty + v 00y + Cpyy Oy )

= T{eyot, +cattat.... +Cp0)
+ Tk Opss)

= ¢, T(o, ) + e Tlog) + o s
+ e Tioge) + Gy T4, )

= P{k+ 1)istrue

= thus by induction P(n) is true for all integer

d) T(a — B) = T(a) + T(—f)
= T(o) — T(R)

Theorem:IfB,,B,ecevriuieninnnnn. B, beany
basisofavector spaceVanda,,a,,.......... a,
be any m vectors of the vector space w,then
there exists one and only one linear
transformation

T:V = wwith T(§;) = g
fori=123.... . m
Proof: Letax € V,

= a=cyfy eyt

C.‘RBTH

[ByrPa cer con we vee vnn e Py basis of v]

Define T: V — w by

Tla) = ¢y + Cally + =+ . Oy Ol
ie T(c By + Cafa + v e cee o F Cn )|
= €0y F Calln + v sis it e Oyl

We prove that
a)T is linear

BIT(B;) = o
c) T is unique
a)leta,BeV
a=cf, +eafat et B

B=df, +dofat it dmbm

Tla+P) = Tlle, +dy)By + (c2 + d2)B2
+oa

|

= (cp+do + (e +dojos
F oot (O
+d o,

=0y o, o Ot T A By
+dafs+ e+ B

= T(e) + T(F)

Letc e F,
Tlca) = T(eo By +ccafy + v

+ CCmfm]
= c{Cy 0y + Collz F ' v vas van e s Ty Oy )

= cT(a)
b) Let 3; € Vand

Bi = 0B, + 0B, + - .+ 16,
F ot +0B,

T(BD) = Oct, + 0cta 4+ wee o 10
+ o 00,

= T(f)=oui=1234 . ...

c) To show that T is unigue

Let F be another linear transformation such

that F(fi) = od i=123. ...
Fla) = Flo By F oo+ e
= Flc.f,) + Flesfs)
+ o AR B
= c,F(B.) + c,F(B,)

+ e FlBn)

= Flo)=cjo, + o0 +

vewne s Cpg @
= F(a) = T(a)

= Tisunique

Conclusions:

Linear transformations are used in both abstract mathematics,
as well as computer science.The additive property of the
linear transformation is that the out put will be the same if the
numbers are added first and then transformed or if they are
transformed and then added together ie T(a+p)=T(a)+T(p).
The scalar multiplication of the linear transformation is that
the out put will be the same if the variable a is multiplied by
scalar and then transformed or if it is transformed and then
multipliedie T(ca)=cT(a)
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